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. Quaternions (T )

.  Rowan William Hamilton  1843. 

, , 

 ( )  quaternion q= i j k i,j,k

. :

 Wessel

amilton, 

, 

    

 Quaternions 

, 

Quaternions  SU(2)

 (Gibbs-Heaviside)

: Hamilton,  Moduli, , , Quaternion

, , , , , 

, 
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ABSTRACT
  At the end of the 18th c. until the beginning of the 19th c. the complex numbers were “legalized” in

the field of the mathematical community as a perfect and fully specific algebraic structure,

constituting at the same time the algebraic interpretation of plane Geometry. It was during the same

period that the attempt of extending the early Vector Calculus fron its 3-dimensional aspect began,

together with the quest of the corresponding algebraic structure that would certainly describe the

Geometry  of  that  field.  The  Quaternions  are  the  result  of  that  quest  –  discovered  by  the  Irish

mathematician Rowan William Hamilton in 1843. Each quaternion was finally defined by quadruples

) - and not by triplets triads, as it would have been expected - with quaternion

q= i j k, where i,j,k are the unit rectangular vectors. In this thesis:

We present the first attempts of space extension as well as the way that these influenced the

discovery of the Quaternions

We present the gradual evolution of Hamilton s attempts along with the mathematical

obstacles  that  emerged,  as  well  as  the  way  they  were  surpassed  so  that  we  were  led  to  the

Quaternions, through the study of the original texts

We analyse the framework of the foundation of the science of Algebra in which the calculus

of   Quaternions evolved

The Algebras of the Quaternions is developed as skew field along with the consequences of

the commutative property in multiplication

We give the answer to the question whether there are similar algebraic structures such as the

one of the Quaternions.We also analyse the way that they are connected to the real and

complex numbers

We describe the 3-dimensional geometry within the algebraic frame of Quaternions through

the rotation group SU(2)

We explain the way through which the product of the Quaternions led to the fundamental

notions of the dot and cross product as well as their role in the foundation and evolution of the

contemporary Vector Calculus (Gibbs-Heaviside)

We associate the Quaternions with the Natural Sciences

Key Words: Hamilton, orm or Moduli, Scalar part, Vector part, Quaternion, Commutative

property, Devision Algebra, Rotations,Del, Dot product, Cross product
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.   “a  priori”  

. , 

  ,  Hamilton  quaternions 

1843.  ( ) 

i, j, k  q= i j k   

.

    -  -   “ ” 

 R3, 

.  Quaternions 

. 
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  .

11..  Quaternions – 

1.1.    – Caspar Wessel.

     , 

. 

amilton 

, 

. , 

 (1 .  .)   (3 .X. .) 

, Girolamo Cardano to 1545 Ars

Magna    (Complex  Gauss  1831) 

.  19 . 

» .

 Euler  ,Wessel,  Hamilton  

Gauss.

    

 18 , , 

.

Caspar Wessel

  H  ( )      17 .

John Wallis (1616-1703). Caspar  Wessel (1745-

1818), , , 

,  1797 

 2  (1799) Memoires “Om

directionens analytiske betegning: et forsøg, anvendt fornemmelig til plane og sphaeriske polygoners

opløsning” : 

    ».

 1897  “Essai
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  1

sur la representation analytique de la direction”.  Wessel 

 –   -  

,  1787. line segment

line  ,  vector

)  Hamilton.

      

 ( ) 

, 

,  

.

  

.

 (

), 

  

 ( . 1).

   

. 

 « » 

  .

 ( . 1):

, , 

.»
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. , c b :

H c , 

b

, . = 

c

b , 

 A ,  ( . 2).

c

b, . c b . 

 Wessel 

 ( ), 

, 

, 

c

b 1
  

c b

1
 .

§2.1.2  c

 4 +1, , b  +1

.
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: Bodil Branner Jesper Lutzen, , 

“Caspar Wessel: On the Analytical Pepresentation of Direction, An Attempt Applied Chiefly to

Solving Plane and Spherical Polygons, 1799”  1999 , 

 Wessel. 

, 

 Wessel ,

.

   - 

 o Wessel +1

,  ( 1)( 1), ( 1)( ), ( )( ).

.

 (+ )(+ )  2.

,  +1 . 

 2

 ( ),  

 180 . 

1, 2  

-1.

1 .

Wessel 1  ( . 3).

 -   Wessel  -  

  r(cos +    sin ),

. , 

, 

.
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   ,  Wessel   3 

 ( ) 

r. +1 , 

y. :

1Oxr = r , Or = rz Oyr = r .  6).  

(x,y,z)

(x,y,z)  x y z ).

: = -1  +1   = -1   

+1 .

    4  5,  (1897)

. 

r
- r

, 

r r .

 Wessel 

. y z

 ( )  

,  .   (Branner  &

Lutzen, 1999, .78-79), x y z

 ( y) . y , 

+1 .
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+1 .  

, , z , 

r ny z = ny cos sin x z .

 Wessel  (,,) :

x ny z ,, cos sin ny cos sin x z

x y z .

:

x y z ,, cos sin z cos sin x y .

  , 

.
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 Wessel  x, 

 +1, 

. , 

, .

        Wessel 

. 

, 

 (Crowe, 1967, . 8).

    Caspar Wessel ,  19 . 

, 

    .

   1806 Jean Robert Argand  ( ,

, 1768-1822),  “Essai

sur une maniere de representer les quantites imaginaires dans les

constructions geometriques” .  Argand 

. , 

, 

. i 

, . 

, 

 ( )

 ( ).

     Hamilton  De Morgan  Argand  « » 

 (  3).
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, 

rgand Diagram  ( .7).

rgand  1813, 

Jacques Frederic Francais

Annales de mathématiques pures et appliquées

Annales de Gergonne, Francois

Francais.  o Jacques Francais

Adrien-Marie

Legendre, ( ) 

 Legendre  Argand.

 Argand  2 

. 

, 

,  ( )

 (Crowe, 1967 .9-10, Hardy, 1881, . 114-

115). rgand  Gergonne 

Jacques Francais, o Francois-Joseph Servois Gergonne (   

)  1813   Argand 

, 

.  « »  Francais, Servois 

Gergonne .  Servois :

  «… a
 a,   

x,y  x,   [
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] x+y 1

x= y= , [ + i ]=a 1e .

 a 1e ,  Argand

 Francais. 

,   

[ ]. , 

[ ]

 “ ” 

. 

, 

; . , 

  pcosa + qcos  + rcos ,   a,   

    (p cosa + q cos

+ rcos ) (p cos  + q cos  + r cos ) = cos2 a + cos2  + cos 2  =1.

 p,q,r,p ,q ,r ,

, 

1  ?»

  Annales de Gergonne, Vol. 4, 1813-1814, Lettre de M. Servois, . 228-235

Imaginary Quantities: Their Geometrical Representation, trans. A.S. Hardy, 1881, .114-115

   amilton   Servois,  Argand 

. Lectures on

Quaternions (1853),(Preface , p.57),

       «  6  Servois 

, +i, +j, +k, -i,

-j, -k  quaternions: 

    

”. 

».
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Annales de

Gergonne

Argand, 

.

Lacroix, 

  Buee (1806). O  Argand 

 Buee 

, 

 Hardy (1881).

 Hamilton    ,

 1843. (Crowe, 1967, . 10)

  Adrien Quentin Buee (1746-1826), ,  "Memoire  sur

les quantites  imaginaires",   Royal  Society    1805  

 1806 

ransactions of the Royal

Society”. amilton  

Lectures (1853,

. 57)  Buee 

1

 Servois.
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   John Warren (1796–1852), , «A Treatise on the

Geometrical Representation of the Square

Roots of Negative Quantities», Cambridge,

1828.  John Warren 

 Hamilton  

1829    .

 « » 

  , . 

  

  

, 

. 1

 ( . 6).

     Buee    Argand, o Warren 

, 

. 

,  « » 

.  Warren 

. E      Wessel

 7).
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 C . V . Mourey (1791-1830), ,  1828    «La vrai

Theorie des quantites negatives et des quantites pretendues imaginaires».

  

  

. 

  

.

:  Warren  Mourey  Argand,  

ardy, 1881, preface viii )

     1831   Johann Carl Friedrich Gauss (1777-1855).  Gauss 

 Göttingen Königliche Gesellschaft der

Wissenschaften . 

 Gauss  1796 

 Wessel.   Gauss  

, 

. 

1845  Hamilton

 (

 Gauss to 1852), 

 Gauss 

 “triple” ,

 « »  « »   ( . 9).
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     1831 

, 

. , 

 (Wessel, Gauss, Argand, Mourey, Buee, Servois, Francais). 

    

.   Hamilton  

 1831.

1.2.    Quaternions  - W. R. Hamilton (1805-1865)

 19

       1800 , 

1900 , 

 (Katz, 2009,

. 710).

      Ernst Kummer (1810-1893) 

,  “ideal complex numbers”  

Dedekind (1831-1916) ” .  

 19 . :

.

         George Peacock (1791-1858) Augustus De Morgan (1806-1871)

.

      George Peacock  ,  « »    « ». 

.  ,  .  ,  

-( )= . 

.  ,  – . 

1 , 1 1 1 .
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      Augustus De Morgan

,  1841

, 

. 

 –  .  

 – 

. , 

.

      

.

 Hamilton 

      Hamilton .

, ,

. 

,  

»

, . ( atz, 2009, .734).

  “Lectures on Quaternions”  (1853),  

, 

Kant “Kritik der reinen Vernunft” ( ) :

 H 
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"Theory of Conjugate Functions, or Algebraic  Couples;

with a  Preliminary  and  Elementary  Essay  on  Algebra as  the  Science of Pure Time"  1837. 

.

,   « » 

Hamilton   

. 

:  “as a Science, in some sense analogous to Geometry”.  

, :

«... , ,   , .

]   

.  a priori 

  –  – 

,  “ ” 

.»

(Hamilton 1837, Wilkins 2000, .3, . 24-28)

, :

“No candid and intelligent person can doubt the truth of the chief properties of Parallel

Lines, as set forth by Euclid in his Elements, two thousand years ago”

(Hamilton 1837, Wilkins 2000, .3, . 7-8)

"Theory of Conjugate Functions, or Algebraic  Couples”  3 :

"General  Introductory Remarks"

"On  Algebra  as  the  Science of Pure Time",     1835

"Theory of Conjugate  Functions  or Algebraic  Couples"   1833

, 

Hamilton .

     . 

 (schools),  , 

  :

“Practical”   (ease of operation),

“Philological” 

, , 

(symmetry of expression)

“Theoretical” 

 (contemplation - clearness of thought)
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a R u l e  to  a p p l y

a F o r m u l a  to   w r i t e

a T h e o r e m  to  m e d i t a t e.

,   .

 Hamilton 

    ,  "Theory of Conjugate  Functions  or Algebric  Couples" (1837) 

amilton ,

 Warren . 

.   Gauss  Janos

Bolyai (1802-1860), 

,

     Hamilton   ( )  

. i.

.

    o Hamilton ,

, 

,   

.  Hamilton 

,  « ». 

, 

, . 

,  ,

. 

,  . zw z w .   Hamilton

, .

    19 . 

» ,  « »

, 
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, .  1860, 

, , 

  .

1.3.    Quaternions   

1.3.1. triplets
   amilton  

1805.  10 

, 

, . 

.  Trinity College

. 

. 

 « » 

1827, 

.   

,  1865   

.

Lectures (1853):
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LL.D.,  M.R.I.A.,  FELLOW  OF  THE  AMERICAN  SOCIETY  OF  ARTS  AND  SCIENCES;  OF  THE

SOCIETY OF ARTS FOR SCOTLAND; OF THE ROYAL ASTRONOMICAL SOCIETY OF LONDON;

AND OF THE ROYAL NORTHERN SOCIETY OF ANTIQUARIES AT COPENHAGEN;

CORRESPONDING MEMBER OF THE INSTITUTE OF FRANCE; HONORARY OR

CORRESPONDING MEMBER OF THE IMPERIAL OR ROYAL ACADEMIES OF ST. PETERSBURGH,

BERLIN AND TURIN; OF THE ROYAL SOCIETIES OF EDINBURGH AND DUBLIN; OF THE

CAMBRIDGE PHILOSOPHICAL SOCIETY; THE NEW YORK HISTORICAL SOCIETY; THE SOCIETY

OF NATURAL SCIENCES AT LAUSANNE; AND OF OTHER SCIENTIFIC SOCIETIES IN BRITISH

AND FOREIGN COUNTRIES; ANDREWS' PROFESSOR OF ASTRONOMY IN THE UNIVERSITY OF

DUBLIN; AND ROYAL ASTRONOMER OF IRELAND .

   1830 amilton   

.  

 13 . ,

Augustus De Morgan (1806-1871), 

 1841 (2 ).  Hamilton :

«  (triplets) 

. 

:    ,    a+b +c  =

a1+b1 +c1     a = a1, b = b1,  c = c1.   

, 

 (polyplets) =( 1, 2,

...., ),   complex  .  1,  2, ...., 

.»

  R. P. Graves, The Life of Sir William Rowan Hamilton, Vol. 2., 1885, .343

amilton 

.

    , 

».
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 1843 amilton    

.  « » 

:

1.   

2.

3.

4. , . 

: z,w

,  = w

5.  (moduli),   .    

a1+b1i+c1j  a2+b2i+c2j   (a1+ b1i+c1j) ( a2+b2i+c2j ) = a3+b3i+c3j ,   

  2 2 2
1 1 1(a b c ) 2 2 2

2 2 2(a b c ) = 2 2 2
3 3 3a b c

6.

.

 « » 

.

: i, j, k ,   , 

  x, y  z,   2 .

 Archibald  1865, 

,   , 

 ( . 13). , , 

 « » , 

, .
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, 

  "Theory of Conjugate Functions, or Algebraic  Couples” (1837), o amilton 

, 

, . 

. 

:

, , , 

 (step) a a , 

, a , a 0 , ,

a,b

1 1 2 2,

a

a

,  .  b a

c a ,  b a  , c a   c b

c
b

,   

 Dedekind.

a, b a, b , , 0
a, b
a, b

1 1 2 1 1 1 2, 0 a ,a a , a

1 2 1 1 1 2 1, a ,0 a , a 1

1 2 1 2

1 1 1

b , b b b,
a ,0 a a

1 1 2 1
1 2

1

a , a
,

a ,0

 :
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1 1 2 2 1 2 1 2 1 2 1 2 1 2, a , a , a , a , a ,a

1 2 1 1 2 2 1 2 1 2 1 2 1 2, b a , b a , b , b , a ,a

    o Hamilton « » , 

1 2( , ) , 1 21 , 

1 2 1 2 1 1 2 2 2 1 1 2, , ,  .

1 2( , ) 1 2a ,a :

1 2 1 2, a ,a 1 2 1 2,0 0, a ,a 1 1 2 2 1 2,0 a ,a 0, a ,a

1 1 1 2 2 1 2a , a 0, a ,0 0,a 1 1 1 2 2 1 2 2a , a 0, a ,0 0, 0,a

1 1 1 2 2 1 2 2a , a 0, a 0, 0,a 1 1 1 2 2 1 2 2a , a a 0, 0,a .

2 2 1 20, 0,a c ,c , 

1c , 2c 2 2a . 1 2 1 2 2 2 2 2c ,c a , a 1 ,

2 2 2, a . 1 2 1 2, a ,a 1 1 1 2 2 1 1 2 2 2 2 2a , a a a , a

1 1 1 2 2 1 2 2 1 2 2 2a a , a a a

1 1 2 0 ,  -

 -  :

“….there shall be always one determined number-couple to express the ratio of any one

determined step-couple to any other other, at least when the latter is not null”.

. , 

1   2 , 2

1 1

c,0 1,
0,c 1 0 ,

» 2 0 , 1 1
c,0

0, 1
0,c

.

  1 2,     1 2(a ,a )

: 1 2 1 2 1 1 2 2 2 1 1 2, a ,a a a , a a

    :

 (0,1)2 = (-1,0) = -1         (0,1) = (-1,0)1/2 = (-1)1/2 = 1

(1,0) (a,b)  = (a,b)      (0,1)(a,b)  = (-b,a)



30

 (0,1)(-b,a)  = (-a,-b) = (-1,0)(a,b)

 (0,1) = 1 1

. 

“Lectures On Quaternions”(1853, . 11)  ( . 14):

 -1  ,  ,    

 (+a)  (-a).   2( 1) 1. 

1    (a,b)  (-b, +a).

1   2 ,  :

c,0
1,0

c,0
,

0,c
0,1

c,0
 ,

0,c
1,0

0,c

, 1 2 1 2 1 1 2 2 2 1 1 2
2 2 2 2

1 2 1 2 1 2 1 2

b ,b c, c
,

a ,a c, c
, 

 ( 1
1

b
c

, ).  4 ,

 Hamilton , ,   

  .

 (1834-1835)

   “Lectures On Quaternions” (1853) o amilton, 

, . 

, , 

. , ,    1, 2 1, 2

  (a1,a2) = (B1,B2) - (A1,A2) = (B1- A1, B2- A2), 
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1 2 3 1 2,  3 .

(step-triads)

  

1 2 3 1 2 3 1 1 2 2 3 3 1 2 3B ,B ,B A , A , A B A , B A ,B A a ,a ,a .

, .

H ,  

.

:

1 2 3 1 2 3a ,a ,a a , a , a

 step-triads :.

1.  b1,b2,b3   a1,a2,a3,

1 2 3 1 2 3 1 2 3 1 2 3b ,b , b a ,a ,a a , a , a a ,a ,a ,

2.   b1,b2,b3       a1,a2,a3,

1 2 3, , :

I. 1 2 3 1 2 3 1 2 3b , b ,b a ,a ,a , ,

1 2 3 1 2 3 1 2 3b , b , b , , a ,a ,a

II. 1 2 3, , , 

     (6)  1 2 3 1 2 3a ,a ,a , b , b , b .

  1 2 3 1 2 3, , a ,a ,a , 

,   

1 2 3I , I , I   1x 1,0,0 , 2x 0,1,0 ,

3x 0,0,1 ,   « »   ( -multiplier).

:

 ( ) 1 2 3rI sI tI   r,s,t

  

 ( ) m, n,p

1 2 3mx nx px .
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   , 

 3 3=9 1 1 1 2 3 3x I , x I ,...., x I

1 2 3 1 2 3 1 1 1 2 3 3mx nx px rI sI tI mrx I msx I .... ptx I . 

 9  (step-triad)  (step-triplets)

1 1 1,1 1 2 2,1 3 2 2,3 3 3 3,3x I I , x I I , ...., x I I , x I I , 

1 2 3f ,g f ,g,1 f ,g,2 f ,g,3I I I I I I I . 

9=27 f ,g,hI , 

   -1  0, 

 (

1 , 2 ).

, 1 2 3mx nx px   

1 2 3rI sI tI   ,  

: 1 2 3 1 2 3 1 2 3mx nx px rI sI tI xI yI zI  , .

m,n,p, r,s, t  step-triad  

1 2 3mx nx px x, y, z 1 2 3xI yI zI .

.

    amilton   

1834-1835. 

27 , , 

. 

    1 (1, 0,0)x

 (1,0) .

,   

3 2 2 3x x x x .

iI

ix   b,c    ( . 15):
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.

 ( . 16):

 27 f ,g,hI , 

   25 321 0 , 223 0 , 321 0 , 331 1 , 322 0 , 221 1

:

323 333

,  (n=bm, r=-bs, t=0) 

1 2 3mx nx px 1 2 3rI sI tI x 0,  y 0 z 0

1 2 3 1 2xI yI zI 0 I 0 I 0 I 0  0,

. 

3 2 2 3x x x x

.  

 1831   Hamilton,  

, 

.

     amilton    

,   . 

. 
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John T. Graves

,  Graves .

,  

, 

.  ,   (

) ,

 Warren , 

 ( ) .  ( amilton, Lectures, 1853, preface . 31)

1.3.2.  Quaternions
      1843  Hamilton 

, 

. 

 triplets 1 2 3x , x , x 1 , i , j

  .

     Lectures ( . 38):

«O  Graves  i j , 

i  ( ) 90o z, j

 (

z). .......... i  j,  4 .

[i] [j], ,

].  Graves

, 

  »

, x , y , z

x iy jz  , x , y , z  3 . , 

 [ ] . , 
2 1i . 2 1j

 2 xz  i 2

   2 xy.
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i, j  . i j= j i  ( ),

 2 :

a b c x y zi j i j ax by cz ay bx az cx bz cyi j ij .

To ij  , , ,

. i j= + i j . 

, , 

..

bz cyij

, 

.  

, 

x, 

b,c   y,z, 

bz cy 0 . 

, [

 (Wessel,Warren)  

],

+1, i,

j, 

:

a b c x y zi j i j ax by cz ay bx az cxi j ,

(ax by cz , ay bx , az cx )

a b ci j , x y zi j x  

.  Hamilton   . ,  b,c 

 y,z y b z c :

2a b ci j 2x y zi j 2 2 2 2 2 2 2 2a b c x b c

22 2 2 2ax b c a x b c
2ax by cz ay bx az cxi j
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o a b ci j ,  1 x  

2 2

1tan
b c

a

o x y z x b ci j i   

2 2 2 2

2tan
y z b c

x x

o ax by cz ay bx az cxi j

2 2 2 2

2 2
tan

ay bx az cx a x b c
ax b y cz ax b c

.

 M
1

,  

arc tan arctan arctan
1

, :

1 2 arctan arctan arctan arctan
1

.

, 

 Hamilton   ij .

bz cyij b z c yi j + j i bz cyij + ji

, ij= ji ). 

b z c yi j + j i  (=0), ij= - ji

bz cy 0 . ij= k ji= -k , b z c yi j + j i bz cy= ij + ji

bz cy= k k = bz cy )k( , k . 

     ( . 

  b,c,y,z), :

a b c x y zi j i j = ax by cz ay bx az cx bz cyi j k
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2 2 2 2 2 2 2 2 2a b c x y z ,  

.  ,  
2 2 2 2 2 2a b c x y z  (

),  

,  :
2 2 2 2ax by cz ay bx az cx bz cy  ( . 17):

:

2 2 2 22 2 2 2 2 2a b c x y z ax by cz ay bx az cx bz cy

 E  Hamilton  

 QUATERNIONS, 

a b c di j k (a , b , c , d ) , k  

(unit operator).

       Hamilton  16  ( )  1843,

  Brougham 
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.   Archibald,

 1865, :

«....

, ....... 

».

 Robert Perceval Graves,

 Hamilton ( . 19):
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i2 = j2 = k2 = ijk = -1 . 20) , 

, .  (Graves, 1885).
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 (hypercomplex) a+bi+cj+dk,

a,b,c,d i,  j,  k

 x, y   z . :

 1  :

 1 

i, j, k .

:

+ i+ j+ kp   + i+ j+ kq , 

+ i j+ k + i+ j+ k+p q pq=
+ + i + + j + k

H .  

 4x4  

ij = k ,   ji = - k ,    jk = i ,    k j = - i ,      ki = j ,      ik = - j ,       i2= j2 = k2= ijk = -1
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:

- - -

-

-

-

 = . =

,  4x1, 

p q   (Buchmann, 2009, . 4 ).

1.3.3. “ ”: 
     ,

modulus ( ) , 

. 

.

    .  John

Thomas Graves, , amilton 

, . ,

Hamilton  26

 1843

  « »

  

 ( . 21).

    

,   

,   « »

.



42

     Hamilton   

. 

 19 . 

,  17 . 

. 

, 

. O 

 “ orth

American Review”  1857

(vol. 85), 

Thomas Hill (Crowe, 1967), 

 19 . ( .

22).

, ugustus De Morgan James Mac Cullagh,

. 

, , 

.

 1847  .    amilton  

 British  Scientific Association ( ).

, George Peacock (1791-1858), 

  .  Hamilton

  R. P. Graves.  Mr Jarrett, 

(blunders) 

.  Hamilton :

 « , 

[ ] -

, 



43

a 

.»

(R.P.Graves, . 586, Life of sir W.H., Vol.2, 1885)

 ( . 23):

amilton 

 -  - .

. . 

:

.   Hamilton  

. , 

1848   Hamilton 

 Royal Society .

.  Gauss 

.

, 

.  (Wessel,

Argand, Buee, Servois, Francais), ,

 « »  .    (Wessel,  Gauss,

Argand, Mourey, Buee, Servois, Francais  John Graves).
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,  

Copernicus ( ), Galileo (   ),

Lavoisier, Lobachevski ( ), Einstein. 

, Giusto Bellavitis, August M bius, Hermann Grassmann,   

   Wessel, Gauss, Argand, Servois, Francais, Mourey, John T. Graves, De

Morgan  Hamilton , 

.

, 

.

    axwell   “Maxwell s address to the Mathematical and Physical sections of the British

Association”, Liverpool, September 15, (1870),

:

, 

”.

:   G. Bellavitis (1803-1880) .  A.

bius (1790-1868) 

.  H. Grassmann (1809-1877) 

.

1.4.    Quaternions

1.4.1.  Quaternions: 

     z i ) 2 .

, 

, :

,    (0,0)

* ,
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, , ,

, 0,0
2 2 2 2

,

2 2 zi .

:

 : 1 2 1 2z z z z    z    z. 

2.1.

z i , z i
22 2z z z .

1.3.2. amilton  « » 

 modulus ( ), 

. 

. 

 Quaternions .

:

, . = + i+ j+ kq ,

= + i+ j+ kq =q q ,   

, . , , , =

,   

: ij=(0,1,0,0)(0,0,1,0)=(0,0,0,1)= ji=-k=(0,0,0,-1).

;

q , 1q = + i+ j+ kq 1 1 1 11 + i+ j+ kq = . 

1 1 1 11 + i+ j+ k + i+ j+ kq q

1 1 1 11 1 1 1 1 1 1 1 1 1 1 1+ + + + +i j k ,  

1 1 1 11 + i+ j+ k + i+ j+ kq q

11 1 1 1 1 1 1 1 1 11 1 1 1 1+ + + + +i j k .

. 

:
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1 1

1 1

1 1

,  i+ j+ k   

1 1 1i+ j+ k .

 (R, , )   R 

  ( ),  :

: R  R  R  (R, )  ( ) 

: R  R  R   (R, )  , .

 ( )

  ( )   ( ), .:

 a  (b + c) =  a b + a c

 (b + c)  d =  b d + c d

 ( ) , ,

. , ,

.

:

 FA

 f(x)=1  .

  

.  ,    

(commutator)  Lie (Lie bracket)

 [ ]. 

Jacobi: , , , , , , 0 .
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 (division ring skew field)

, 

 ( ).

   (R, ) .

  

4 , 

  (x1,x2,x3,x4) + (y1,y2,y3,y4) = (x1+ y1, x2+y2, x3+y3, x4+y4),  .:
4 ,

4 ,  ( )  4 4

, 4x, y , , 

:

1. x y x y

2. x x x

3. x x

4. x x1 1
+1, i,  j,  k  (1,0,0,0),  (0,1,0,0),

(0,0,1,0)   (0,0,0,1) 4 .

   = + i+ j+ kq 4 ,  

, , ,     .  ,   ( )

4  , :

 ( ) = (1,0,0,0) + (0,1,0,0) +  (0,0,1,0) + (0,0,0,1) = + i+ j+ k = q.

+ i+ j+ kq , 

R q P i+ j+ kq

. : PRq q q .
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0R q , 

i+ j+ kq . 3 .

+ i+ j+ kq , ,   

  - i- j- kq PRq q q .

:

q q

p+q = p+q

p q =  p q

2q=q q q

3 2q=  -q q q

q q

q q q q . .

  ,

1=- 1=- 1=- . 
1 1

1 1

1 1

 .

  + i+ j+ kq , 2 2 2 2q .

2q q q q q

: 2 2 2 22q  ,  q q=q q  = ( )i j k ( - - - )i j k =

= 2 2 2 2 + + +i j k  =

= 2 2 2 2 0 0 0i j k  = 2 2 2 2  =
2q .
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   . , 

 x  (x,0,0,0)  1-1 , 

:

x+y = (x,0,0,0) + (y,0,0,0) = (x+y,0,0,0)

x y = (x,0,0,0) (y,0,0,0) = (xy,0,0,0)

.

   , i =( )

0 0i j k =( ,0,0),  .  

, « » 

. :

)+( ) ,0,0)+( ,0,0)=( ,0,0)  ( )

) ) ,0,0) ,0,0) = ( -0-0, +0-0,0+0+0-0,0+0+0-0) =

= ( ,0,0)  ( ).

    

   = { ) },    ( , +)  , 

.   :

  0=(0,0,0,0)

:   q = ( ),    –q = (- ,- ,- ,- )

, 

.   ( ) + ( ) = ( , , , ).

  ( ,  )  ,
:

, 1q , 2q , 3q

1 2 3 1 2 3q q q q q q ,  « »  .

  1.6.1. :
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, , , =

+ + + + + .

1=(1,0,0,0)

,   q = ( )   q 1 = q. :

 q 1 = ) (1,0,0,0) = ( 1-0-0-0, 0+ 1+0-0, 0+ 1+0-0,0+ 1+0-0) = ( ) = q.

1  q = q.

q    
11

2
q

q q qq
q

2q q q q q.

1 1q q q q=1.  ,
2

1
2 2 2 1

qq q q
q q q

q q q

, : 1q q q

 ( , +,  )    (division ring

skew field) .

,

, q , ,  q   

 4 .

 « »

  

, 1 2 1 2z zz z , 
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2 2 2 2 2 2
1 1 2 2 1 2 1 2 1 2 2 1( ) ( ) ( ) ( )

: ( ) ( 2  2  2 .

 2000 ,  ( . 3, . 19,

) , ,

, .

 4 

 Euler  1748 (100  ).   Hamilton

:
2 2 2 2 2 2 2 2( ) ( )  =

2 2 2 2( ) ( ) ( ) ( )+ + + + + .

   + i+ j+ kq , + i+ j+ kq Q = q q , :

Q = q q   :

2 2 2 2( ) ( ) ( ) ( )+ + + + +Q

2 2 2 2q 2 2 2 2

Qq q = q q

0

+ i+ jq , + i+ jq , 2 2 22q , 2 2 22
.

,  Euler, 
2 2 2 22 2 2 2 2 2( ) ( ) ( ) ( ) ( )+ +

22 2 q  q  q q .

 Hamilton  (

Euler) .

1.4.2.
.
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(1-1)  ( ) .

2 2 2 , 

=
z w

w z
: z, w .

: (q)  = ( + i+ j+ k )  =
 i       i

i      i
=    

, , , , .

, + i+ j+ k

(q)=

, :

o (q1+q2) = [ 21 1 2 1 2 1 2+ + +i j k+ ] =

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

( ( ) ( ) ( )

( ) ( ) ( ( )

)

)

i        i

i      i
=

= 1 1 1 1

1 1 1 1

i        i

i      i
 + 2 2 2

2 2 2 2

2 i        i

i      i
= (q1)+ (q2)

o (q1 q2) = (q1) (q2)

(q1) = (q2) 
1 1 1 1

1 1 1 1

 i        i

i      i
 = 2 2 2

2 2 2 2

2 i        i

i      i
    

1 1 1 1,, , =
2 2 2 2,, , q1 =q2,    1-1.

  =
 i        i

i       i
 , q + i+ j+ kq= ,

.

2 2

.
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q ( )q = , detA=det ( )q = 2 2 2 2 =
2q .

:

q qp p

: 2 2p q  = detA det =det(A ) = det[ (p) (q)] = det[ (p q)] = 2p q , 

q qp p

  

=
i        i

i      i
=

z w

w z

.

 detA= 2 2z w >0,  ,  

0

 detA 0, . O adjA= =
z w

w z -
, TB =

z w

w z

      -
  

1=
det A d

det A

z - w1
w z

1 1

1 1

d z d w

d w d z

      -
. 1

1z d z= , 1
1w d w=- , 

1 1
1

1d w d w d w w   1 1
1d z d z z .

1 1 1

1 1

z w

w z -

q   q= + i+ j+ k , q =
i        i

i      i

q= - i- j- k , q =
i       - i

i        i
. q

q , q . 
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T

q  =
i       - i

i        i

. q =
i - i

i i
.

  , 

, , 

. 

.  O  B.  L.  van  der  Waerden  

 “A History of Algebra”, 1985, . 10, "hypercomplex number systems"

 “special algebras”,  ,   (§1.6.1), **, 

, .

    **   biquaternions + i+ j+ k

,   , 

i        i

i      i
, , , , .

  

. z z= i , 

qz qz = i+0j+0k  (qz)= =
0 0

0 0

 i      i

i      i
=

z 0

0 z
.

z w, :

z wq q  =
z 0

0 z
+

w 0

0 w
 =

z w 0

0 z w

+
=

z w 0

0 z w

+
= z wq

z wq q  =
z 0

0 z

w 0

0 w
=

z w 0

0 z w
=

z w 0

0 z w
= z wq
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,

2

. ( , 2010, . 154-155), ( , 2014 , . 24-26)

 H , 

.

1.4.3. : “

Quaternions;”.

 John Graves, o

1843 

amilton 

 ( . 24).

 26 ,  John Graves  Hamilton ,

“octaves” “octonomials”,  « »

, 

.

     J. Graves  Euler

 4 ) 

.  “8 ” .

 1818 Carl Ferdinand Degen (1766-1825) 

 1822. O John Graves  1843 

Degen. . 

,  ,   (normed

division algebra). T  1844  Hamilton   Graves, 

. O Graves 
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, n2  (Baez, 2001).  

J.  Graves   Hamilton  

 (Irish Royal Academy).  ,  ,

 1845, Arthur Cayley (1821-1895) Philosophical

Magazine  “On Jacobi's Elliptic Functions”  (

 Graves). 

  “Cayley Numbers”    “Cayley

Algebra”.

    A , 

,  .  M

1925 Elie Joseph Cartan (1869-1951)  “triality”, 

 spinors  8- . Pascual

Jordan, John von Neumann and Eugene Wigner *  1934 

,  (*On an algebraic

generalization of the quantum mechanical formalism, Ann. Math. 35, . 29-64).

,  1980, 

.

m: ,

m(a,b)=ab  1, 

, m(1,  a)  = m(a, 1) = a. 

  1. .

 (devision) , :

o =0,   =0 =0 

o , , 

, 

Normed Devision , 

    ( aez, 2001, . 149).



57

 1: 

), .

 2: 

 ( Sedenions , 

. (e3+e10)(e6-e15)=0, 2 ,  2X2 

.).

 3: 

 ( ). 

.

, 2 1i j   

, i

,    ( aez, 2001, . 149).

 8- . , 

 Hamilton, 

).  « » ,

..  

. 

.

1 2 3 4, 5 6 71,e ,e ,e ,e e ,e ,e
2
i 1e . 

 2.

 « » 
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ie i je j  , . 
2 5

e e

  2    5 .

 2 :

i j j ie e e e

i j i 1 j 1k k 1e e e e e e .  ,  

» 7, . 7 0e e 1, 8 1e e .

i j 2 i 2 jk 2ke e e e e e  , . 

i
2e 1 , 1 i 7   1 2 4e e e   

 2. .

  

:

p ,  Galois GF(p)

/p p,

modulo p

V(n+1,p) n+1 GF(p).

PG(n,p) , , 

V(n+1,p)    1,2,...,  n.  G(n,p)

 1 V. ( all & Weiner, 2011)

o  1 (  1 

V)

o  L , 

  

Fano plane  n=q=2,    PG(2,2).  

 (  2).  7 

7 .  3  ( .

2).   2

:
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i j j ie e e e

i
2e 1  i  

1 i 7

i j ke e e j k ie e e

 (

), 

.

 Fano  Plane   120

 270 , 

,    .  2.

3e 2 3 6e e  , 2e 2 2 4e e

5e 2 5 10 1 7 3 3e e e e .

Fano plane
3
2

2 0,1 ,   

3
2 . 

, 

 Fano   7  
3
2 . 

3
2   1   

. 3.
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:

i.

, 

ii.

iii.   .

:

, 

 2  

 Hilbert (Stillwell, 2008,

.22).  ( ) 

  Hilbert.

1.4.4. , ,   

 1: ,  

,  (alternative).

 ( Emil Artin)  :

i. (aa)b = a(ab)

ii. (ba)a = b(aa)

  (ab)a = a(ba) (flexible identity) 

  .

aez, 2001, . 149)

 2: “nicely normed”   , :
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 ,    * ,  

  "

( )   0 " 0,  

2

aez, 2001, . 154)

nicely normed :

Re
2 2

m 1

2

:

: , ,  4 , , ,

Im( ) Im( ) . :

2 2 2 2 2

, .

aez, 2001, . 154)

  , , :

, ,  (division) 

, ab a b  (normed division algebras)

, ,    (division) 
  (alternative division algebras)

1, 2, 4    8.
aez, 2001, . 150)

 « » :

   nicely normed  , normed division .
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* ( , )*, , nicely

normed

nicely normed  

  nicely normed  

  nicely normed  .

22..  – 

2.1.  Quaternions

2.1.1.  Hamilton - 

“ELEMENTS  OF QUATERNIONS”,  1866  University of Dublin Press, 

William Edwin Hamilton, .

   “Elements”

 William

Rowan  Hamilton  

 ( . 25). 

amilton  ,   William  Edwin  Hamilton,  

  

, .  William

Elements

,   , 

,  

. 
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. Elements

amilton 

.   , 

  “Lectures on Quaternions” (1853), 

.  

. q

q, U    (Unit Vector)  

, , . U     (tensor)

, 

. :

 1

.

 2

 3 , 

.

  ( . 10,11) :

 « x
a

,  0 , 

SCALAR = B   

  , ,

  C A ACx
B A AB

 A,B,C   (Fig. 13) ( . 9)

. ,

. , 

, 
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     “

”  ”» . 26)

, :

  = x x= 0x> , 0x< , .

) ,   0  < <180 . ,

 ( ) q,  

 -   Hamilton  -  ,  

. , :a

= q, q:

,

, q » .

 (Elements, . 104)

a a
q q q ,

 q ».

, 

.

, x x  x ,

  x a ,  

  a x,

, a
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, . x

.

  amilton ,

,   (

  ).

    .

:

.  E

”

. tensor of quotient , .

, 

, 

. 

 Hamilton  “On Quaternions; or on a

new System of Imaginaries in Algebra”,  19, (Philosophical Magazine, (1844-1850),

:

        “The tensor of a positive scalar is equal to that scalar itself, but the tensor of a

negative   scalar is equal to the positive opposite thereof.”

 ( .  10)  

  (+)    (-)  

. ,  (+) 

x “ ”   +1  x

, , 

,    (-) x
 -1,  

. (Elements, 1866, .108)

, 

,  
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, . , . 

:

, ,  

, 

.

 (

 Hamilton), 

, 

 ( . 11), 

,  

.  

, 

, 

.

, 

  

c

.

 (- c), .  

 « »

.

  , :

1.

2. c. ,

. ,  Hamilton.

,

4 

:
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 2  (ratio)

:

(angle)  2 . 

 Hamilton 0q ,  q

,  

):

(ledge)

(slope).

 ( )  

 ( ).

  :

,

, 

 ( ) ,

  .  

 4 .

. 

 4  ( . 12):

RATIO (a )          ANGLE  ( )             LEDGE  ( )            SLOPE )
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:

                .

    .

. 111 Elements Quaternion

Quaterni(o)  4  ( )  4 

  .

 Hamilton

   13  C,D,E,F,G  5  6 , 

  G,C,D  .  HCD (

 30 ) 

 CD  CH.    GCF

 40 )  FEDC 

 GCD.
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 FEDC 

, 

 2  

,  

    

60

). 

,   , 

 2:1.

   

  : 

,  ,  

    (2:1), .  

 Quaternions,  - 

 –  

.  2,

60, 30  40, :

  2 

 60       

 ( , )

  30

 (CH) 

 ( )

  40  desk»,  . 

.

 Hamilton  4 

.  ,  

 ( ),  HCD .  (longitude of

node*)  GCF  (inclination) ( . 14).
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(* node:   )

2.1.2.  – -Versors
    , ,

, 

.. , 

 ( ).

Radial

Quotient ( ) Radial. (Elements, . 130)

. O

,   (+1)   (-1),  
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   0q ,  q

,   - .

(Versor).

, 
OB

OA
q

. 15) OA , OB

, q q . q  ” ”  

OA OB  , 

.

ˆAOB  ( .  15)  Right

Radial Quotient Right Radial Right Versor  .     .

. q  1 .

  q       (Versor) ,  :
2 1q q qq q

:      AB , 

OB
OA

  
O
OB

 ( . 16).

2

1OB OB OB O OB O
OA OA OA OB OA OA

.

    ( ) 
2 1q , 

, 
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q .

1 .

      

i , j , k .

i, j, k

   i , j , k amilton 

,  J,  OK (unit-lines)

.

, . OJ OK, .

, , 

i , j  OJ  k  OK

. 17).

i , j , k :
OK

OJ
i ,

OI

OK
j ,

OJ

OI
k . 

OJ

OK
i ,

OK

OI
j

OI

OJ
k .

 ( . 27):

i , j , k     , 

2 1q . 2 2 2 1i j k . i j
OJ OK

OK OI
=

OJ

O
= k .
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2 1i j k k k k . versors, 

, qq q , Elements . 150)  

:

“ ,

, , 

.  ( ) 

,   ,

.”

 18, 

q

C

q , 

C

qq ,  CA AC

q q , 

AC CA , 

qq q .

: ij ji , jk kj , ki ik .

   2 2 2 1i j k ijk

,  « » i, j ,k

q , :

x y zq i j k , x , y , z i, j ,k    Right Versors
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ait: 

  P. G. Tait n Elementaruy Treatise on Quaternions” (1890) §74  

Versors

.

, i , 

  i .

 ( . 19):

ia
2i a a
3i a ia
4 3 2i a i i a i i i ia i a a

     ,  4 i ,

 4 i.

    

, . 

,  ,  

  (  Tait ).

-versor . , 

 2  2 , 

.

:

u u, u   

, u  .

q= +xi+yj+zk

Elements, . 117,120, 118,191,233

 1:  (Positive Axis xis)
OB

OA
q   

OA , OB ,   (
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) OA

OB  .

 2:  (Index) 
OB

OA
q     

x q ,  

x

 .

  .

 3: q  (conjugate)

OB

OA
q OB

OA
q , OB

OB OA . 20).

: q   

Hamilton.

:  2 .

:
OB OB OB OB

OA OA OA
q q =(*)

2OA

OA

(*) .

OA OA , 
OA
OA

. 2q q .

 4:  (Scalar) q , =

1
2

q q . Sq

, 

q q

 5: Right part  Vector-Index part  Vector part ( )

q Index Vq
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  , 

 Hamilton :

     , Sq

Vq q    S Vq q q

 (Index) Vq

q , 

. i , j , k

 Ox,  Oy,  Oz  (right versors) x , y , z

Vq x y zVq i j k

: S V +x +y +zq q q i j k ,x,y,z .

.

     1843  1847 amilton  ( ) 

, 

Philosophical Magazine  “Proceedings of the Royal

Irish Academy”, . 

 «On Quaternions».

. J. Crowe  “ istory of Vector Analysis”  Hamilton

 « » 

i,

  , 

 (scalar) i j k

. .

 «On Quaternions»  11 

 1844   [Proceedings  of  the  Royal  Irish

Academy, vol. 3 (1847), . 1-16], amilton 

 (“the author is..., the author has not seen…, occurred
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to him…”) . , 

,  ,  

i j k, 

  

 x,y,z.  (VECTOR). 

i,j,k  ( .  ).  

 “ ”   

. 

  , 02

,   . :
2i j k i j k i j k 2 2 2 2 2 2i ij ik ji j jk ki kj k

2 2 2- k j k i j i 2 2 2+ + 0- .

V.q q i j k , :
22q q .

,  ,  i j k

,    

, 

.  Hamilton , 

:

     “Vectors are therefore to be added to each other by a certain geometrical composition,

exactly analogous to the composition of motions, or of forces, and following the same known

rules.”

(Wilkins, Proceedings of the R.I.A-[1847], 1999, . 5)

    

,   

  . :

“the fourth proportional to any three rectangular vectors is a quantity distinct from every

vector, and of the kind called real in this theory, as contrasted with the kind called imaginary.”

(Wilkins, Proceedings of the R.I.A.-[1847], 1999, . 2)
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 Hamilton  « » 

. +1

. 

, 

,  (+) 

 (-). , 

  .

     John Warren George Peacock  4

, 

§1.1  Wessel 

 Hamilton, .

 O John Warren[1]  (

):

  , C , D
AB

AC

>0  C ,  

:

AD

AE

D E

C D E ,   .  C

C  ( ),  D E

D .   4

 ( . 21).

[1] Treatise on the Geometrical Representations of the Square Roots of Negative Quantities,

      by the Rev. John Warren. Cambridge, 1828, .7-8.
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    Hamilton 4  3 

. M  « »   4

, :

 4 ,  (north ), S (south ), E (east ) 

W(west ), :

 W  S     S ,  90 , 

W:S :: S: .

, 

U (up ) 

W S,  4 W,

S, U, F (forward ) 

: “  W   S

 U  F”  F  U 

 S  W   W  N”.  F:U ::

S:W :: W:

W, S, D (down )  4

F (forward), (backward ), 

:  B  W  W  S   S  D”.  B:W ::

W:S :: S:D.

   F (forward) (backward) 

  +1  -1.

   o Hamilton :

X  ( )

Y Y X

Z   (X,Y)  

  Z  Y  X

:

  4 X,Y,Z

.

::  .  :: 

 3 

, 

  « » ,  
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 “ ” F

+1 (positive unity), 

B

 -1 (negative unity)

,

» , 

.

  « »  

  

” ( . 29)

  ,  

.

 scalar ( )  « » (extra-

spatial)

(intensive)[2] (extensive)

[2] “Intensive Magnitude” . ant (1724-1804)  

Critique of Rure Reason (1787).  .

,  

) , , 

.  « » 

.

, “Extensive Magnitude”

.
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 4 X

X. , 

X

A B

 « »

. 

. 

, 

, .

 H  Hamilton  

. 

 Einstein. 

(Penrose, 2004, . 201).

2.1.3.  Quaternions
   18,  “On Quaternions; or on a new System of Imaginaries in

Algebra”,  (Philosophical Magazine, July 1846 vol. xxix, . 26-31), o amilton :

]

.”

(Wilkins, 2000)

. (Crowe, 1985, . 32). 

 2

 0, 

. , 

 21 ,  Hamilton :
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“

]

:

 S .aa' = - ( x x' + y y' + z z ' )

V.aa' = i ( y z ' - z y ' ) + j ( z x ' - x z ' ) + k ( xy' - y x ' )       a = xi + yj + zk

a' = x'i + y ' j + z'k  ........

.....   S.aa'   reciprocal

polars, ,     S . aa' = - d2

  a2 = -  d2, 

 d,  a' 

. , 

V.aa',  

. ,

, 

, 

.”

- S .aa' = xx' + yy' + zz'    

V.aa' = i (yz' - zy') + j (zx' - xz') + k (xy' - yx')

x,y,z x ,y ,z 3 .

:

  S.aa' = -(xx'+yy'+zz'),

(reciprocal polars).

o :  ,  

 C
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), =d2, d

.   polar reciprocals.

 (polar)

(inversion pole) . 

 ( . 22).

   C, 

   C, 

 C  ,  .

.

(x1,y1) 

x1x+y1y=d2

.  H  

(x1,y1,z1) x1x+y1y+z1z=d2, d

.

o =xi+yj+zk =(x,y,z)  2 = - (x2+y2+z2) = -d2, d 0. 

x2+y2+z2 =  d2  (S)  a

, d. a,

 (S) =(x,y,z).  

,   = (x',y',z').

   xx'+yy'+zz' = 2, a ,  

(x,y,z) ( ), 

 S a.

, 

»  ( ) ( . 23).
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, , 

, , 

19 .  . 

. , 

. ( ., 2008, )

V.aa'

, :

o sin , 

a

o ,  
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  ,  9 , 

 ( .  2 

),  ,  

,  .  S .aa' = S .a'a V.aa' = - V.a'a.   

 aa' a'a    ,  

.

a  a' , 

aa' a'a  . , 

i j j i = k= i j
2 ( 1) 1i j j i =k k = k = = .

 1: , 3

,   ,i, j k

k  ( ) 

i   i, j ,  j . 

      , .  ,

det[ , ]= 2 0.  

.

)

.

 2:  O J. W. Gibbs  , 

direct product dot

 ( ). 

, . cos , , 

.

 skew product  ( ) 

, cross product. ,  

sin ,
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. , , vector product. (Gibbs,

1901).

 ( )

  i+ j+ kq= 3
1 1 1 1i+ j+ kq = 3    

i, j, k

:

1 1 11 i+ j+ k i+ j+ k=qq = 1 1 1( )+ + + 1 1( )i 1 1( ) j+ 1 1( )k .

1qq , . 1 1 1( ) +  +

1 1q q q,q 1q,q , 

1qq ,  .  1 1( )i 1 1( ) j+ 1 1( )k , 

1q q 1q,q ,  1q q =

1 1 1

  i        j        k

.

1 1 1-=qq q q q q    1 11=qq q,q q q-

o   

.

 1: 1q q ,  1 0q q . 

1 1=qq q q , 1qq q 1 1qq q .

 2: 1 0q q , 1 1 1- -=qq q q q,q . , 1q,q

, 1qq .

   q,q1 :

1 1 1 11 1 1 1 1 1 1 1 1 1 1 1+ + + + +i j k .
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, :

11 1 1 1 1 1 1 1 1 1 1 1 1( ) ( ) ( )[ ]i+ j k i+ j k i j k =

=
1 11 1 1q,q q q q q .

:

11 11 1 1q q q,q q q q q     

11S. 1q q q,q     1 1V 1 1.q q q q q q

1 1,1,1v 2 3, 2,1v 3 . 

1 0,1,1,1q 2 0,3, 2,1q . , 

1 2 6, 1, 2, 1q q . 

1 2v v ( 6) 6 1 2v v 1, 2, 1

. :

6

1

2

1

0 -1 -1 -1 0

1 0 -1 1 3

1 1 0 -1 2

1 -1 1 0 1

.



88

2.2.   

 1: V U F . 

T : V U , :

1 2 1 2T v v T v T v 1 2v , v V

T Tv v v V F .

.

: V  n  

1 2 nE e , e ,..., e , : V UT

1 2 nT(e ), T(e ), ..., T(e ) , V

T U .

V  , U F ,  n  m . 

1 2 nE e , e ,..., e V 21 mE ,e ,..., e U , 

ij F , 

o 1 11 1 12 2 1m mT(e ) e ...

o ........

o n 1 1 2 2 mn n nmT(e ) e ...

 2: m n   iT(e )   .  

  =

11 21 1

12 22 2

1 2

n

n

m m nm

.....................

    ...
    ...

    ...

, E

E .

 2 , 

  .  ,  ,  

.
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 1: 1 2 n(v v , v , ..., v ) . V , 

: V UT     ,   

T v vA .

:

  .

  - 

  w cos sinez i i

( z 1), 

w .  

(x, y)

R .

1, 0

 x , cos , sin

0,1  y sin , cos  ( . 24).

, w x yi (x, y) =x (1,0)+y (0,1) ,   

R x, yR = x , y = x cos , sin +

y sin , cos = x cos y sin , x sin y cos   
x

y
R =

cos - sin x

sin cos y
=

cos sin

sin cos
.   R 1=(1,0)  i =(0,1)
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 A=
cos - sin

sin cos
. 2 2

detA=1   SO(2).

R , R

: R R R R R

cos sinei i

=1,  .  
1S 1S = z : z 1, z .  

.

  , 

 (Stillwell, 2008), ( , 2010, . 31).

   

  . 1.5.3. + i+ j+ kq= =

i        i

i      i
  

z w

w z
. 1=

1 0

0 1
, i =

0

0

i

     i
, j =

0 1

1 0
, k =

0

0

     i

i
  Aq

1 0

0 1

0

0

i

     i

0 1

1 0

0

0

     i

i
.

+ i+ j+ k=q

i     i

i        i

z w

w z
  (Stillwell, 2008, . 7).

   E   « » 

. 

   1858  Cayley.
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        1z i  ( )    2 2

z = ,  « »  z 

. :

zz det M

1 2 1 2 1 2 1 2z z det det det z z

1 1
zMz

2 2

1
, z 0

 1.  ,  

+ i+ j+ kq= , 2 2 2 2 1q     2 2 2 2 1.

GL 2,  o  ( 2 ) 2 2

, GL 2, =

2 2A M : det A 0 , :

2SU = 2W W W W WW GL 2, : I 1 det TW W

.

2W W W W I *W W 1det det , 

W
i        i

i      i
TW W

i    i

i        i

3S = : 1q q =

 ( )  

2SU  (special unitary group), 

3S 2SU .
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: + i+ j+ k=q 3S ,  ( , , , ) 

=
i        i

i      i
=

z w

w z
 detA=1. 

z w
A det A 1

w z
/ = .

Q SU(2) ,  detQ=1 * 1Q Q  (unitary matrice), * TQ Q .  Q=
z w

x y

 z,w,x,y ,  Q-1=
y w

x z

      -

-
.

* 1 1 z x y w

w y x z
Q Q Q Q y z, w x

           -

     -
.  

Q  Q=
z w

w z
 detQ=1 3Q S

( Savage, 2015, . 8)

1S , 3S 4 , 
3 2 2 2x y z 1x, y, z : = 2S

.

, , 

i+ j+ kq= ,  1=q , , , ,

1= 1,0,0,0 = , 0,0,0 :

.

i j k = i j k = 0, , , : , ,

3 .
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   z z 1 z cos sin= +i . 

.

 1: 1 i= + + j+ kq 3S   

cos sinq= +uq 0       qu    

i j k .

: 1q , 2 2 2 2 1
2

2 2 2 2 1.  

0, 2 2 2 sin 0  cos 1 1. 1 i+ j+ kq= + =

=cos + 2 2 2

2 2 2

1
i+ j+ k = cos + 2 2 2

2 2 2
)(

1
ki j =

=cos +
2 2 2

( ) sin
1

i j k

2 2 2

( )
1

i j k = qu   qu = 2 2 2

2 2 2

1 =1 qu =1.

cos sinq= +uq .

 1: qu ==
2 2 2

( )
1

i j k  = ( )i j k = P q qu = P q , 0 .

H       qu       

q, / /q qu .

 2: qu , q qu u = 2
qu   

q qu u . 2
qu = q qu u- =

2

qu- = 1- . ,

qu   -1.

 2: 4

, .
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: u v, w . v w, .

v w v w . v wu u  = v wu  = 1 v w  =

v w .

: , 0 0u

 3: q 3S cos sinq= uq ,  1 cos sinq= -uq , 

0       qu   3 .

: 2
1 q

q
q

= .   q , 1q , 1

1
q

q = = q =

cos sinqu .

v

i+ j+ k=p i j k   , ..

v 3S , vu , vv cos sin+u .

: vp= vcos sin+u p= vcos ( sin)p u p =

= v vcos ( sin)u up p+ p = v vcos ( )sin ( )sinu up p + p (1)  .

v( )sinu p , vp

. vp .

 v  p,  

  , v p , vp=

v vcos ( )sin ( )sinu up p + p .  v

p  , v p. , 

v v/ /u ,  vu p , v 0u p= .
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vp

(1)

:

vp= vcos ( )sinup p =

cos wsinp vw u p,

w wsin

vu p, .

p w , :

vp v

vp = v p =1 p = p

vp= cos wsinp

vp p

v p   

v  p  ( . 25).

, , , :

  

: conjugation ) v : “

p 1v vp , v ” (Stillwell, 2008, .14).

:

conjugation 

 ( )

conjugation 2

3
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 r ,  r v  , . 1v r v,  

r,  o  conjugation

. , 1v r v = v vcos cossin sinru u  =

2 2 2
vcos sin ru  = 2 2cos 1sin r  = r1  = r

p i j k . p ,   “ ” 1v vp   p

, . 1v vp i j k .

            

    3.

: 1r q r   1r q r  “Lectures” ( .

268,269)  Hamilton q , 

. 

. . 271 1( )q  q

 ( ).

 -  R3

  i j k

.  :

 4:  v cos sin+u , u .
1v v p 2

u, 1v vp p

u  2 .  

.
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:

, 1v v   u , . 1v vu =u .

u 2 1u . : 1v vu =

cos sin cos sinu uu  = 2cos sin cos sinu uu  = cos sin cos sinu u  =

2 2 2cos sin cos sin cos sin=u u u = 2 2(cos sin ) 1sin cos sin cosu = 1 0u =u .

u  ( . u ), 

v .

  w  ( )  u

= wu .26) 1

,w,u

i j k , ,w,u

w 1u = .

,w,u , , 

:

w 0u wu = w w-u u = wu = w- u = w- u
w wu u . u u w w

w wu u , w u , wu .

w   , w   “ ”  

. v   

w 2  ( u ).

  , 1v w v  = cos sin w cos sinu u  = w cos wsin cos sinu u  =

2 2w cos w cos sin w sin cos w sinu u u u =
2 2ww cos w cos sin w sin cos sinuu u u = 2 2 2w cos 2 w cos sin w sinu u =

2 2w cos 2 w cos sin w sinu = 2 2 2w (cos sin ) w cos sinu = w cos2 sin2 .

1v w v= w cos2 sin2

1v v= w sin2 cos2 .
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, 1v v v w,

wcos2 sin2 ,wsin2 cos2

, v  w,

 u, w, 2 .

2 3 ,

. v ,

i j k = 3 .

, , p i j k

,w,u , . p= wu+ = wu+ =

w,u+p w,u+p p w, .   p

v 1v vp = 1 w )v vu+( = 1 1
w,v v v vu p = 1 1

w,v v v vu p

= 1
w,v vu p . 1v vp

u u , , , 
1

w,v vp   u w,p u

.

, 1v v v  

2 u . 

w, wcos2 sin2 , cos2 wsin2                       ( . 27)
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,  (Stillwell,

2008, . 15)

: 3 u

, 

2 2
v cos sin+u 0,2 .

 Stillwell ( . 9):

«H , 

,

 3  4 ».

Peter Guthrie Tait   (1531-1901) ,  Hamilton  « » 

, operator

( ) ( . 30) . tensor

( )  (

) ,   ( ) .
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  v  : 1
v vp  = 2

v
v

v
p  =

1

v
vp  = 1v vp . 

2 2
cos sin+u , 

v v, 
3S . , 

, 

,u ,u . 

, :

3 .

3

  .

  “  v”, .  c(p) =v-1pv

  , 

. 3 3

«c: 2 2/ /v cos sin+u »,

3 3 , ,

u .
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1v vc p p = v vp v= 1 i+ j+ k 3S , 

c ,  “ ” 

i,j,k 3 :

c 0 0i+ j+ k = v vi = 1 i k i 1 i+ j+ k = 2i i ji ki 1 i+ j+ k

= ji+ k 1 i+ j+ k = 2 2 2 2 i  + 2 2 j  + 2 2 k

c 0 0i+j+ k = v vj = 1 i k j 1 i+ j+ k = 2i kj j j 1 i+ j+ k

= k ij + 1 i+ j+ k = 2 2 i  + 2 2 2 2 j  + 2 2 k

c 0 0i+ j+k = v vk = 1 i k k 1 i+ j+ k = 2i jk kk k

1 i+ j+ k = 2 2 i  + 2 2 j  + 2 2 2 2 k

 1 i,j,k  1 , 2

i,j,k  2  3 i,j,k  3 .

1vc vp p :

=

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 - 2

2 2 2 2

2 2 2 2

v vp = 1v vp   

 =

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

        

  2,2,4 3  ( )

0 2 2 4p= i j k ,  

 z k =120  .
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: , 

1v v v
2 2

v cos sin+k =
o o120 120

2 2
cos sin+k =

o ocos sin60 60+k 1 3
,0,0,0 0,0,0,1

2 2
=

1 3
,0,0,

2 2
. 

0 2 2 4p= i j k . p 1v vp  =  p =

o o o ocos60 sin60 0 2i 2j 4k cos60 sin60k -k =

1 3 1 3
2 2 4

2 2 2 2
k ki j k

2 1 3
2 3 3 2 3

2 2
ki j k ki kj+ k

1 3
2 3 3 2 3

2 2
ki j k j i

=...=

1 3 1 3 4i j k . p  z 

k , , 4k . 

p i, j 11 3 1 3i j = , 

22i j = .  1 ,  120 , 

1 1 1 1, ,cos 1
1

1

,
,cos

4 4 1
8 22 2 2 2

1  2

o
1 180, .

:

0 2 2 4, , ,=  , 

 =

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

 =
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 =

1 / 2 3 / 2 0

3 / 2 1 / 2 0

0 0 1

2,2,4 :

1 / 2 3 / 2 0

3 / 2 1 / 2 0

0 0 1

2
2
4

1

1

3

3

4

= p .

H 

   O Vladislav V. Kravchenko  “Applied

Quaternionic Analysis” (2003)  « » :

“….the most natural and close generalization of complex analysis that preserves many of

its important features.”

 Hamilton.  Kravchenko 

  « »

  

. M

 « » .

   

.  « » ,

, 

. , 

» 

, 

.
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33..  Quaternions 

:Hamilton, Tait

  mathematical physics

.   “ ”

mathematical physics :

 Hamiltonian ( )

 (relativistic quantum theory)

 (particle [electron, proton, neutron, neutrino, quark]  physics) .

  O John C. Baez (Octonions, 2001) :

“This makes them nicely suited to the study of rotations and angular momentum,

particularly in the context of quantum mechanics”

, 

 SU(2).

   Hamilton . , 

,

. 

i, j, k
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x y z
= i j k  x,y,z  ( . 31).

   (Del operator

) .  

. E

, 

, . , 

Hamilton, . 

t,u,  x,y,z,

it ju k i, j ,k

1 1 1-=qq q q q q   :

x y z y z

t u u t u t
i j k

z x x y
it ju k .

    , 

y z

u t u t
i j k

z x x y

 F.  curlF rotF

F . , 

James Clerk Maxwell.

F 0 ,  F ,  

, 

, .

F x, y,z f x, y,z ,g x, y,z ,h x, y,z

y z
F= F

h g f h g f
i j k

z x x y
curl  =

y z

i j k

x

f g h

.
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curlF

  F ( . ).

 “ ” 

.

, 
x y z

t u
,

 (divergence)   F, divF

F F

  F x, y,z f x, y,z ,g x, y,z ,h x, y,z ,  

x y z
F F

f g h
div .

, 

x,y,zf f gradient

gradf
x y z

ff f
i j kf gradf .

H  « »

. f

,  

  

.

amilton  ( . 32):
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O :
2 2 2

2
2 2 2x y z

Laplace
2 2 2

2 2 2

2 2

x y z
.

   , f , 

 x, y, z , :
2 2 2

2 2 2

2 2

zx y
f f f

f f .

   Hamilton  

:

“  x,y,z 

 (heat flux

thermal flux)”.                                                                                              (Lectures, . 611)

  , h

2 1 , 

.

q  ( 2) 

 ( 1),   q= -k /h,  k

.

, 

  h .

, . = (x)

) 

x 0 x dx
q x = lim k k  Fourier).  (-)
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. M  W/m2

.

 3  x,y,z, . = (x,y,z),

x y z
q= k ki j k .

H   .

     Hamilton 

.   ( . F 0 )  

U U U=

F , U= U=F .

Peter Guthrie Tait

    Peter Guthrie Tait (1831-1901) 

. “Lectures on

quaternions”  1853 . 

.

, .

.

,  Tait 

, 

 (Crowe, 1967, . 117,

Familton, 2015, . 94).
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   Tait An Elementary Treatise on Quaternions, 3rd edition (1890) 

.  §119 q( )q-1

 ( . 28), 

 2 . 

. 

q( )q-1  (§121)    

 (§408).

  2 ,

.

:

.»

Tait, An Elementary Treatise on Quaternions, 1873, . 216

 3  (1890)

, =0S.
. 

 x,y, =x +y ,

  .  2  V. ,

V. =V. +V. = 2xV. +yV. ,  ,  2

,  2V. 0 . V. = yV. .

V. , V. = yV. = ,  (§218).

, , , , 

0=S.

.

 §119, ait 

q( )q-1   .

 ( . 4), r q( )q-1

q(r)q-1= qrq-1  (q ), 

q q. 



110

r

q.

ait   –  ,  

q(r+s)q-1= qrq-1+ qsq-1.

, , .

=r1+r2+…+rn, q q-1   

q, . q( )q-1

ri

mi.

 §369 . 289, ait 

.

, , =S V . 

, 1 . 
1 1 .

To , 

, .

 2 :

= cos sin
2 2

=

cos sin
2

= cos sin

2cos sin = cos sin1 cos +V sin , 

2 1 .

1 cos +V sin

.

, q( )q-1

,  ( ) 
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, q cos sin
2 2

1 :

1 = cos sin cos sin
2 2 2 2

.

  :

1

: , 

, 

, 

1

2m r=
n

i
i i .

James Clerk Maxwell
   James Clerk Maxwell (1831-1879)  Tait . 

, . mathematical physics,

, 

.

   1856-1865 

. 

axwell  1870 ait,

An Elementary Treatise on Quaternions

 1867   2  (Crowe, . 129).

  “A Treatise on Electricity and Magnetism” (1873), o Maxwell  

. 

, 

. , 
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,

   ( .  9-

10). .

   Maxwell 

Sir William Thomson (Lord Kelvin, 1824-1907) . 

axwell,  o  Thomson  

  

. 

, 

.   ,  

.

   axwell , 

.  E

 “Maxwell s address to the Mathematical and Physical sections of the British

Association”, Liverpool, September 15, (1870)  :

, 

. 

. 

  

, . 
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, . 

.   

. , 

, 

.   

.

, , 

,  

    , , 

.

   Remarks On the Mathematical Classification on Physical Quantities (1871),

London Mathematical

Society, (s1-3, .224-233) 

  

,  

, .

   axwell 

, 

Hamilton. 

, 

. 
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3    

.

 19 .  

. 

:

, 

.

  Maxwell, , 

:

 W  F, W=F s “the scalar part

of the product of the force and the displacement”  x

To , , 

.  21
m

2
E =  ( 2

) 
1

m
2

E = =
1

p
2

, 

 ½  

Forces

( ) , 

Fluxes (Flux= ).

,   

  

   ( ),  

. 

(linear vector function). 

  .
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axwell 

ait.
2  Hamilton, 

ait, 

.
2 :

   “ 2  (-)

(Concentration) . , ,  Q 

, ,

 Q  r 

, Q .   Q 

. oQ  Q , ,  r 

, 
2

2
o 10

Q Q Q
r

, .  Q 

 Q 
2Q . ,   2Q

  Q   , 

 Q. ...... ,  Q  , 2Q

.”

V.  Hamilton:

, 

, 

, P

» .

P slope = 

. 

gradient.

,  =  S. V. . 

axwell :
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S. Convergence = , 

 (-) divergence ( )

V. Curl  =  ( ) .

.

 29, Remarks On the Mathematical Classification on

Physical Quantities, Convergence    Curl.

Pauli spin matrices

  

Wolfgang Ernst Pauli (1900-1958) spin matrices spinners

 (quantum mechanics). To spin

 Sx, Sy, Sz spin S

1 2 3
ˆ ˆ ˆ

2 2 2x y z
h h h

x y zS S S S  (h  Planck)  1 2 3
, ,

spin ( )  Pauli :

1

0       1

1       0x , 2

0      - i

i        0y , 3

1      0

0     -1z

*A=A , * TA A .

   Pauli,   SU(2)

(Familton, 2015, . 80, Savage, 2015, . 24) :

2 2 2 2       
(1) 1

         
SU(2) /

i i
Spin

i i
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