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=
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=
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=
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1 8/9 81/100 3/4 2/3 16/27 27/50 1/2 4/9 81/200 3/8 1/3 8/27 27/100 1/4 

 

 

 <<

 (2004)>>,  

1

2
  

:  
1

2
=

2

1
 f2  

f2/f1. 

: 

dk( k*log(f2/f1)/log2 ,  

f1  f2  f2>f1 

 k  

: 

dk 1 2)=dk 1) + dk 2) 

 

 

1=(f2/f1)  2=(g2/g1)  

1 * 2  = ( f2g2/f1g1)  

dk 1 2)= dk( f2g2/f1g1)= klog2(
2 2

1 1
)=klog2(

2

1
.

2

1
)=k [log2(

2

1
) + log2(

2

1
)]=klog2(

2

1
) + 

klog2(
2

1
) = dk(f2/f1)+dk(g2/g1)=dk( 1)+dk 2) . 
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) dk( 1: 2)=dk( 1) - dk( 2) 

 

 

1=(f2/f1)  2=(g2/g1)  

1 2=(f2g1/f1g2)   

dk( 1 2)= dk( f2g1/f1g2)= klog2(
2 1

1 2
)=klog2(

2

1
.

1

2
)=k [log2(

2

1
) + log2(

1

2
)]=klog2(

2

1
) - 

klog2(
2

1
) = dk(f2/f1)-dk(g2/g1)=dk( 1) : dk 2) . 

dk( dk(  

 

 

f2/f1) dk  

dk(  = dk (f2  / f1  )= k log2 (f2  / f1  )=klog2 (f2 ) - klog2 (f1 ) 

=k  log2 (f2) - k  log2 (f1) 

=  (klog2 (f2 ) - klog2 (f1 ))=  dk (f2  / f1)=  dk . 

 

dk( dk  

 

 

f2/f1) 

2/ 1).  dk(
1

dk( 2/ 1) = klog2( 2/ 1) =          

klog2( 2) - klog2( 1) =
1
(klog2 (f2 ) - klog2 (f1 ))= 

1
 dk (f2  / f1)= 

1
dk .  

 k  

2/1 : 
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dk( )=
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 dk ( )= 

1
 dk (2/1)= 
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 k (log22-log21)=1 
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Fourier 

<<Theorie analytique de la chaleur>>. 

 

Fourier 

 

 f , g 

f+g  

 f f (x+k*T)=f(x), k  

  

 

Fourier f 

 

 

cos wt , 

sin (2wt cos (nwt) , sin (nwt)

n

n

 

Fourier 

 

- - -  J.Jeans 1968)
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Hertz (Hz) . : 

 (Hz) 

 20-1000 

 100-2000 

 100-3000 

 300-45000 

 50-46000 

 30-50000 

 1000-60000 

 1000-100000 

 1000-130000 

 200-10000 

 20-20000 
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y  t x 

y 

 

 

                                                                                                          Tsin (x+ x) 

                                                                                                                                           

  x+ x) 

- -  - - - - x)- -     

 

                sin  (x)       

 

  Kg/m
3
).

x x) 

x)= . 

x x+ x 

sin (x)  

sin (x+ x). x) 

sin (x) tan (x) 

: 

T tan (x x)- tan (x)
( + )

 
( )

) = T x

+ ( )

( )
 x( ). 

H x. 

F=ma a=
 
 : 

x( x) ( ) 

x : 

) ) 
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 : 

=c
2
 ( ), c= /   .   (1) 

O D Alembert  

   

                                                            -c
2  

 

                                                     ( +c ) ( -c ) . 

: 

u=x+ct    ,   v=x-ct 

: 

= + =  . 

: 

2

2
= ( )  + ( )  =c(c 

2

2
  c

2

)-c(c

2

 c

2

2
 ) = 

=c
2
(

2

2
-2

2

+

2

2
). 

= + = +  , 

 

2

2
=

2

2
 + 2 

2

+

2

2
 . 

: 

c
2
( -2 + )=c

2
(  + 2 + ). 

 

y=f(x+ct)+g(x-ct) , f , g  

 c. 

x x=l y t). 

 x  
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0=f(ct)+g(-ct) , t g - f(-  y=f(x+ct)-f(ct-x). 

 

 x=l,y=  f(l+ct)=f(ct-l) t f f( 2l). 

: 

d Alembert) 

d
2
y/dt

2
=c

2
 (d

2
y/dx

2
)  

y=f(x+ct)+g(x-ct) , f , g .  

 y=0 x=0 x=I 

t y=f(x+ct)-f(ct-x) , f f f( 2l) 

 

 

 

x 

t. x t  

x,t). As 

: 

p(x,t)=P(x,t)-  , x,t)  

Hooke  : p = -B  

 

: 

 =-  

2
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) 

Newton/

 x y 

z 

x  y. 

y.  

: 

T tan (x x)- tan (x)
( + )

 
( )

) = T x

+ ( )

( )
 x( ). 
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 : 
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x y 
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c= /  
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z=f(r)g h(t). 

: 

f(r)g h (t)=c
2
 (f (r)g( h(t)+ f (r) g( h(t)+  f(r)g ( h(t)). 

f(r)g h
//

(t) : 

                                     
    ( )

( )
=c

2
(

( )

( )
 +

( )

( )
 +

( )

( )
). 

t r 

r t t,r,

t,r, : 

                                                        h t)=-w
2
h(t) ,  

  h(t)=sin(wt +  

 

                                                 
( )

( )
 +

( )

( )
 +

( )

( )
  = -    (*) 

 r
2
  : 

                                             r
2
  

( )

( )
 +

( )

( )
 +r

2
=

( )

( )
  . 

r 

 g

: 
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2
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g(  sin(n  

 

: 
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2
  

( )

( )
 +

( )

( )
 +r

2
=n

2
, 

: 
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F s  

T=Fs. 

 x V(x)  

                                 V(x)      

                   T(x)                                                                                                        T(x+ x)            

                          

                                                                                                          V(x+ x) 

 H : 

-V(x)(  )  V(x+ x) (  -V(x) x 

-

 

: 

(x+ x)-T(X)-V(x) x) 0  V(x)
+ ( )

 . 

x V(x)=
( )

.  

: 

V(x)-V(x+ x - x
( )

- x
( )

 . 
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V(x) , T(x) x ,t.  

 - x
( , )

 . 

  kg/m)  

m x. y 

: 

- x
( )

=      +    =0. 

     . 

: 

                                                                            L          

                                                  F1                                                                             F2 

F=F2-F1 L  

L. f=F/A. 

 L/L.  

Hooke : f=E  

Young s modulus (N/m
2
). 

: 

 

 N/m2) 

 7.05X10
10 

 7.8X10
10 

 21.2X10
10

 

 8.27X10
10 

 5.1-7.1X10
10 

 

 

R  R

(R-n) = . 

Hooke . 
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                                                    = , 

 = 0.  

: 

                                                   T=  . 

R : 

                                              R=(1+ ( )
2
 )

3/2
 / . 

 = . : 

                                        T(x,t)=EI  , . 

  +    =0 : 

                                                          
  

 +    =0. 

Euler-Bernoulli. 

 

 y=f(x)g(t :  

  f
(4)

(x)g(t)=0 

 

 
( )

( )
 =-

( )

( )
 . 

 

x , 

t  

: 

 g t)=-w
2
g(t)  &  f

(4)
(x)=

 

 ( ). 



                        :  

41 

 

H g(t) sin(wt  

: f(x)=Asinkx+Bcoskx+Csinhkx+Dcoshkx , 

k=

2   4

. 

: 

y=( Asinkx+Bcoskx+Csinhkx+Dcoshkx) sin(wt ). 

=   =0. 

y=0 =0. 

: 

=k(Acoskx-Bsinkx+Ccoshkx+Dsinhkx) sin(wt+ ) 

 =k
2
(-Asinkx-Bcoskx+Csinhkx+Dcoshkx) sin(wt+ ) 

=k
3
(-Acoskx+Bsinkx+Ccoshkx+Dsinhkx) sin(wt+ ). 

x=0 & x=l.  =   =0 x=0 B=D 

A=C. 

x=l : 

A(sinhkl-sinkl) + B(coshkl-coskl)=0 

A(coshkl-coskl)+B(sinhkl+sinkl)=0. 

cosh
2
kl-sinh

2
kl =1 sin

2
kl+cos

2
kl=1 

( sinhkl-sinkl)(sinhkl+sinkl)-(coshkl-coskl)
2
 

coshklcoskl=1. 

kl,  cosh cos  

k=

2   4

 

: 

w=  ,  v= = . 
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n n cosh n 

cos n n

: 

n ( +  ) -(-1)
n
2e

-(n+1/2)
-4e

-2(n+1/2)
. 
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David Hume 
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Hindemith. 
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Tenney 
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  Rameau 
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  Helmholtz  
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: 

 IV  V 

VI  VII  

. 
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 1:1 9:8 81:64 4:3 3:2 27:16 243:128 2:1 

 

 

 

: 

- - - - - -  
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 b :  

 :  

: - - - - - -  

: - - - - - -  

 

 

 

   

  - 
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  b 

b  b b 

b  b b b 

b  b b b b 

b b b, b, b, b, b 

b b b, b, b, b, b, b 

b b b, b, b, b, b, b, b 
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 David J.Benson 

<<MUSIC-A Mathematical Offering>>, Richard Strauss Elektra (1906-1908) , 

 - - -

- - - - - - -  

b  , 

 

 

 

Capriccio,K.395 Mozart , 
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 Nzakara 

Chemillier Nzakara 

Zande  

- - - - b 

: 

                                                               0 

                                                       4              1 

                                                            3     2 

-  

: 

  

0 1        4 

1 0        2 

2 1        3 

3 2        4 

4 0        3 
 

 

 

 nebakia , limanza , gitangi. 

  

imanza: 

4             .               .    .                 .             .       .             .     .  .   .        . 

3        .         .    .             .   .  . .            .        .            .                    .   .   

2    .          .    .          .                   .  .                      .              .      .         ..  

1          .   .               .             .    .           .    .    .   .            .         .         . 

0     .          .  .  .  .            .       .         .                      .     .                   .     . 
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 : 

1201414034242312020140303422313 

: 

12  014140  342423  120201   403034   2313 

12 

231312. 

 

 

: 

213132 430304 102021 324243 041410 

x 5-x (mod 5). : 

014140  342423 120201 403034 231312  

 

 

 

Cantor 

 

x   X  x 

 

Russel  

: 
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  S S 

S 

S S   S. S   S S 

S S. 

 

: 

F# , C#} 

 

 

G g h 

G G 

gh. G 

g h

: 

  g,h k 

G 

gh k g hk , 

:   (gh)k=g(hk). 

 e   G 

: g G eg=g ge=g. 

 g G

g
-1

 ,  gg
-1

=e  g
-1

g=e. 

 g h G  

gh=hg  

 

: 

 e a b 

e e a b 

a a b e 

b b e a 
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6x6  

6x6x6  

permutation , 

Permutation  f: X     X 

 y f(x) 

f f
-1

 f
-1

(f(x))=f
-1

(y)=x                  

f(f
-1

(y))=f(x)=y. 

f 

:  f(1)=3 , f(2)=5, f(3)=4 , f(4)=1, f(5)=2 , permutation 

 :f
-1

(1)=4 , f
-1

(2)=5, f
-1

(3)=1,f
-1

(4)=3, f 
-1

(5)=2 . 

: 

            1   2   3   4   5 

            3   5   4   1   2 

 

: 

f=(1,3,4)(2,5). 

 

permutations 

 

: 

f  

f(1)=3 , f(2)=5 , f(3)=4 , f(4)=1 , f(5)=2  

: 
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f=        1   2   3   4   5              f= (1,3,4)(2,5). 

            3   5   4   1   2 

 g   

: 

g=         1   2   3   4   5             g= (1,2,5,3)(4) 

              2   5   1   4   3 

f(g(1))=f(2)=5 

: 

fg=       1   2   3   4   5               =    (1,5,4) 

            5    2   3   1   4             

 

 

gf=       1   2   3   4   5               =    (2,3,4) 

             1   3   4    2   5                   

    

e =       1   2   3   4   5               =  (1)(2)(3)(4)(5) 

             1   2   3   4   5         

 

Symm(X). n

n Symm(X)  Sn. 

permutation  Symm(X). 

 G G 

G. 

 

Cayley 

Cayley 

 

G g  G permutation  Symm(G) 

h  G  gh  G
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G permutation Symm(G)

 

G ,H   f:G      H  

G  H , 

G  H 

 g1 , g2 G :  

                                           f(g1g2)=f(g1)f(g2). 

f H. 

f: X     Y , : 

  Y 

(injective),  . 

x1 x2, f(x1 f(x2) , f(x1)=f(x2), x1=x2. 

 f  Y f(x) , 

 Y f (surjective) , 

 

   ( injective 

+ surjective = bilective)  

 

Cayley) 

G f  f:G      Symm(G)  

f(g)(h)=gh. f G 

Symm(G). 

 

f (g)  bijective. 

: 

f(g
-1

)(f(g)(h))=f(g
-1

)(gh)=g
-1

(gh)=(g
-1

g)h=h , h  G   

f(g)(f(g
-1

)(h))=h. 

G 

f : 

f(g1g2)(h)=(g1g2)h=g1(g2h)=f(g1)(g2h)=f(g1)(f(g2)(h))=(f(g1)f(g2))(h). 

f : 
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f(g1)=f(g2) h  G f(g1)(h)=f(g2)(h). h 

G g1=g2. 

 

Modulo 12 

modulo 12. 

  1+2=3 mod12 

             6+3=9 mod12 

             8+4=0 mod12 

             9+7=4 mod12. 

: 

           1=3-2 mod12 

           3=9-6 mod 12 

           8=0-4 mod 12 

           9=4-7 mod 12 

-

mod 12 

 

-12=0=12=24 

-13=-1=11=23 

-8=4=16=28 

: 
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Z12 = {0,1,2,3,4,5,6,7,8,9,10,11}. 

: 

A A# 

Bb 

B C C# 

Db 

D D# 

Eb 

E F F# 

Gb 

G G# 

Ab 

A 

 

A# - 

Bb

 

 

M.Fiore <<Musical Actions of Dihedral 

Groups (2008)>>,

modulo 12 C 

: 

                                                                    C= 0                     

                                          B=11                                   C# /Db=1 

                                                                                                     

                     A#/Bb=10                                                           D=2 

 

                              

                       A = 9                                                                       D#/Eb= 3 

 

 

                 G#/Ab=8                                                                       E=4 

                             

                                    G=7                                                F=5 

                                                             F#/Gb 

                                               

                                                TO        

 

C-C# 

D  G#   

 

: 

C= NTO , D  E  F  G  A  B  
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Modulo 7 

mod 12 

mod 

-

. 

 

                                                                  0 

                                                6                                   1 

                                                5                                     2  

                                                  4                                3 

 : 

1+2=3 mod7 

4+3=0 mod7 

5+4=2 mod7 

     

                : 

1=3-2 mod7 

4=0-3 mod 7 

5=2-4 mod7 

mod mod

 

-7=0 mod7 

-8=-1=6mod7 

18=11=4 mod7 
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Z7={0,1,2,3,4,5,6} . 

 

   (Transposition and Inversion) 

 

J. S. Bach 

 

 

   

  : 

trasporto) 

 

 

 

 12  

n: Z12                Z12 

 

 Tn(x):=x+n  mod 12 

  

n : Z12                   Z12 
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In(x):=-x+n  mod 12   . 

  : 

 T2(0) = 0 + 2 = 2 mod 12 

T2(1) = 1 + 2 = 3 mod 12 

T2(2) = 2 + 2 = 4 mod 12 

T2(3) = 3 + 2 = 5 mod 12 

T2(4) = 4 + 2 = 6 mod 12 

T2(5) = 5 + 2 = 7 mod 12 

T2(6) = 6 + 2 = 8 mod 12 

T2(7) = 7 + 2 = 9 mod 12 

T2(8) = 8 + 2 = 10 mod 12 

T2(9) = 9 + 2 = 11 mod 12 

T2(10) = 10 + 2 = 0 mod 12 

T2(11) = 11 + 2 = 1 mod 12 

      

  0(x)=-x  mod 12 , I1(x)=-x+1 mod 12 . 

Bach 

mod 7 

mod  

 

1 

1

12
 0 

(reflection)  - 1 0

  

1)
n
=Tn   no I0=In , 

(order 24). 

:  

 

 Tm  Tn = Tm+n mod 12 

 Tm  In = Im+n mod 12 

 Im  Tn = Im n mod 12 

 Im  In = Tm n mod 12 
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: 

  

  

  

  

 

 

  

 

 

 

: 

                                                                       

     

                    

       

              
 

                                                                        

 

 

- 

- - C-E-G. {0,4,7}={C,E,G} 

: 

                                                                        C                                           

 

                                      B                                                                      C#/Db 

 

                          A#/Bb                                                                                 D 

                             

                              A                                                                                        D#/Eb 

 

                         G#/Ab                                                                                  E 

 

                                          G                                                                 F 

 

                                                                        F#/Gb                                 
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12  

  

0 -

 

 

b  

 

S 

 

: 

  

C={0,4,7} 

C#=Db={1,5,8} 

D={2,6,9} 

D#=Eb={3,7,10} 

E={4,8,11} 

F={5,9,0} 

F#=Gb={6,10,1} 

G={7,11,2} 

G#=Ab={8,0,3} 

A={9,1,4} 

A#=Bb={10,2,5} 

B={11,3,6} 

{0,8,5}=f 

{1,9,6}=f#=gb 

{2,10,7}=g 

{3,11,8}=g#=ab 

{4,0,9}=a 

{5,1,10}=a#=bb 

{6,2,11}=b 

{7,3,0}=c 

{8,4,1}=c#=db 

{9,5,2}=d 

{10,6,3}=d#=eb 

{11,7,4}=e 
 

 

  

1 

 

1 1 1 1(7))=(1,5,8). 

 

: 

T7{0,4,7}={T7(0),T7(4),T7(7)}={0+7,4+7,7+7}={7,11,2} 

7 
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0 

b  

n-  

n(0,4,7)=(Tn(o),Tn(4),Tn(7))    (1) 

 n-  

n(0,4,7)=(In(0),In(4),In(7))          (2). 

 

g g Y=Z.  

g1  g1C=Z g2  g2C=Y  g Y=Z  

g=g1g2

-1
g  

Haydn s Surprise Symphony. 

{C,C,E,E,G,G,E,F,F,D,D,B,B,G}, 

{0,0,4,4,7,7,4,5,5,2,2,11,11,7}. 

 

 

Bach 

O Johann Sebastian Bach (1685-1750)    

Well-Tempered Clavier Book I &II , 

 

 (subject) 

 

-  

 Well-Tempered Clavier Book I. 
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{D,E,F,G,E,F,D,C#,D,Bb,G,A}={ b

={2,4,5,7,4,5,2,1,2,10,7,9} 

 

: 

{A,B,C,D,B,C,A,G#,A,F,D,E}=  

={9,11,0,2,11,0,9,8,9,5,2,4}  

7

 

 

 

 : 

{E,F,G,A,F,Bb,G,F#,G,Eb,C#,D}= b  

b  

2 5 

  

5   

 : 

C#,D,B,C#,A,G#,A,F,D,E}={ , . #

={9,11,1,2,11,1,9,8,9,5,2,4} 

7   

   

 : 

 {A,B,C,D,B,C#,A,G#,A,F,D,E}={9,11,0,2,11,1,9,8,9,5,2,4} 

 {A,B,C#,D,B,C,A,G#,A,F,D,E}={9,11,1,2,11,0,9,8,9,5,2,4} 

 {A,B,C#,D,B,C#,A,G#,A,F,D,E}={9,11,1,2,11,1,9,8,9,5,2,4} 

 7
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the perfect fifth). 7

 

: 

{E,D,C#,B,D,C#,E,F,E,A,C,Bb}={4,2,1,11,2,1,4,5,4,9,0,10} 

{E,D,C#,B,D,C#,E,F,E,G,Bb,A}={4,2,1,11,2,1,4,5,4,7,10.9} 

E,D 

 

6 : 

{4,2,1,11,2,1,4,5,4,8,11,9} 

22. 

 

 

Tristan and Isolde  Wagner) 

 Richard  Wagner (1813-1883) Bach, 

Tristan and Isolde 

 

Xi 

i  

: 

    X1                        X2                X3               X4 

    X5               X6                X7               X8 

    X9                                   X12             X13 

{0,2,5,8}      {0,2,6,8}      {0,2,6,8}   {0,2,5,8} 
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Hindemith 

O Paul  Hindemith (1895-1963)  

 Ludus Tonalis.   

Bach, 

 

Hindemith, 

 

Bach : 

{G,G,G,G,G,G,G,C,D,G,C,F}={

=={7,7,7,7,7,7,7,0,2,7,0,5}. 

 

G,C,D} , {G,C,F} 

 

 

S G,C,D}={7,0,2} 

S : 

T0(7,0,2)=(7,0,2) 

T1(7,0,2)=(8,1,3) 

T2(7,0,2)=(9,2,4) 

T3(7,0,2)=(10,3,5) 
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0(7,0,2)=(5,0,10) 

1(7,0,2)=(6,1,11) 

2(7,0,2)=(7,2,0) 

3(7,0,2)=(8,3,1) 

 

S S 

S.  

S          S 

Tn: Z12              Z12  , In:Z12            Z12  

S       S. J:S     S 

J(x)  x 

J(0,7,5)=(7,0,2)  J(7,0,2)=(0,7,5). 

 J 

 

Hindemith 

: 

{G,C,D}={7,0,2} 

{C,G,F}={0,7,5} . 

J J(7,0,2)=(0,7,5)  J(0,7,5)=(7,0,2). 

{G,C,F}  {C,G,F}

 {G,C,F} {C,G,F} 

J 
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: 

                                            1                                                        2 

                                                                        J             

                               

                                      

                                        T5                                                                                          T5 

                                                              

 

                                                                                                               J 

                                                                   3                                                                                      4               

J 

5 

 : 

 J(0,5,7)=(5,0,10)  

 

 

5

 

: 

                                                                             J   

                                    {7,0,2}                                                             {0,7,5} 

 

 

                                          T5                                                                                                 T5 

 

                        

                                    {0,5,7}                             J                              {5,0,10}                
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Hindemith 

: 

: 

2 & 4 

9 & 16 

37 & 39 

55 & 57. 

 

PLR.                         

PLR 

Fiore   Musical Actions of Dihedral 

Groups (2008)>>,  PLR 

  

Hugo Riemann (1849-

PLR neo-Riemannian group. PLR 

 

O David Lewin PLR 
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PLR  

P , L ,R . 

P, L, R : S       S : 

P( y1,y2,y3)=IY1+Y3(y1,y2,y3) 

L ( y1,y2,y3)=IY2+Y3(y1,y2,y3) 

R( y1,y2,y3)=IY1+Y2(y1,y2,y3) 

n  

 

 

y1,y2,y3}  : 

  

P 1+ 3

2
, 

1+ 3

2
+ 6 

L 2+ 3

2
, 

2+ 3

2
+ 6 

R 1+ 2

2
, 

1+ 2

2
+ 6 

 

 

P , L, R  

 

 

: 

   

  - 
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P 

P(0,4,7)=(7,3,0)  P(7,3,0)=(0,4,7). 

( C-major)  

(c-minor). 

P  

 

L  

 

 L(0,4,7)=(11,7,4)  L(11,7,4)=(0,4,7). 

R  

 

R(0,4,7)= (4,0,7)  R(4,0,7)=(0,4,7). 

(C-

major)  (a-minor). 

R 

 

 

 

-  
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 P 

 

 L 

 

 R 

 

 

: 

                                                                   C=0        

                                               B=11                                 C#/Db=1 

                             A#/Bb=10                                                  D=2 

                                    A=9                                                         D#/Eb=3 

                          G#/Ab=8                                                          E=4 

                                         G=7                                               F=5 

                                                                 F#/Gb=6         

                                   PC=c .      

  

3. 

 

 

                                                                C=0     

                                   B=11                                                   C#/Db=1 

                   A#/Bb=10                                                                D=2 

                               A=9                                                                D#/Eb=3 

                        G#/Ab=8                                                           E=4 

                                          G=7                                        F=5 

                                                                 F#/Gb=6   
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LC=e 

 

R : 

                                                                C=0           

                                      B=11                                             C#/Db=1 

                        A#/Bb=10                                                         D=2 

                                 A=9                                                           D#/Eb=3 

                         G#/Ab=8                                                          E=4 

                                        G=7                                              F=5 

                                                               F#/Gb=6       

 

RC=a  

 

P,L,R PLR 

: 

 

PLR 

P ,L,R    

PLR 

P,L,R,PoL,LoR, LoL,RoLoP. 

24! 

: 

 

PLR L  R order 

24(  

 

 

 P( y1,y2,y3)=IY1+Y3(y1,y2,y3) 

L ( y1,y2,y3)=IY2+Y3(y1,y2,y3) 
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R( y1,y2,y3)=IY1+Y2(y1,y2,y3) 

PT1=T1P , LT1=T1L , RT1=T1R. -

R  L

: 

C,a,F,d,Bb,g,Eb,c,Ab,f,Db,bb,Gb,eb,B,g#,E,c#,A,f#,D,b,G,e,C ,  

 

R , LR , RLR R (LR)
11

 , R(LR)
12

 = 1  

 PLR LR (order 12).  

 R(LR)
3
(C)=c  R(LR)

3
 (order 2) 

1  R(LR)
3
=P PLR 

L  R. 

s=LR t=L s
12

=1,  t
2

tst=L(LR)L=RL=s
-1

.  

PLR  

 

 

Elvis 

R , L , RoLoRoL , LoR 

: 

    .                

Stand by me  

Beatles  Oh! 

Darling    :    - 

  - -          

 

L , R , PoLoR.  
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: 

 

 

 

 Douthett  Steinbach , 

P , L, R: 

 

c_ _ _ _ Eb             bb_ _ _ _ C#            ab                                                                 

A b         eb  _ _ _ _   F#        c#  _ _ _ _  E                                                                                                                               

ab _ _ _ _   B        f#   _ _ _ _   A           e 

E               b _ _ _ _  D          a    _ _ _ _    C 

e_ _ _ _   G             d  _ _ _ _ F               c         

C            g   _ _ _ _    Bb       f    _ _ _ _   Ab                                    

c _ _ _ _  Eb        b b   _ _ _ _  C#        ab 

Ab       eb    _ _ _ _                c#    _ _ _ _   E                 

 

P                             L                          R  ----- 
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P , L  R 

Waller  

 

                           

       

 

                                               WALLER 

 

Waller  Douthett & Steinbach 

Waller  - Riemann   

 

 

PLR 

9  Beethoven s Ninth Symphony ). 
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Ludwig van Beethoven (1770-1827)  

1822- Poincare. 

-

: 

C,a,F,d,Bb,g,Eb,c,Ab,f,Db,bb,Gb,eb,B,g#,E,c#,A 

R , L, R, L 

  Beethoven 

R  L. 

Beethoven  

 

Cohn 

 

 

Beethoven.  

Beethoven 

PLR 

 Beethoven

 Beethoven. 
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: 

                                                                                                                                                                                                                                                          

                                   C  R         a      L     F     R      d  

                                                                     L                

                                  Bb  R        g   L       Eb    R     c 

                                                                       L 

                                   Ab   R     f       L     Db     R    bb 

                                                                       L     

                                   Gb   R     eb     L     B     R      g#      

                                                                        L 

                                    E     R       c#     L     A    R      f# 

                                                                        L 

                                    D     R      b        L      G   R      e         

 

  P , L , R . 

 

D  : 

  b f d  

 P , L , R   
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Musical offering  Bach  ,  Schoenberg Slonimsky. 

 

PLR  

 

 

: 

 

S 

: 

  

 neo-Riemannian PLR P , 

L, R. 

T/I  PLR Sym(S) S , 

 

 neo-Riemannian 

Hugo Riemann. 

PLR.  

1 

L  

L 1  

 

P , L , R  
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: 

                                                            S           T1             S      

                                                        L                                   L 

                                                 

                                                            S           T1             S 

PLR   

 1  L    

                                    C                                                                           C    

              B                                           C#/D                          B                                     C#/D 

A#/Bb                                                     D           A#/Bb                                                    D  

      A                                                         D#/Eb         A                                                     D#/Eb 

G#/Ab                                                    E            G#/Ab                                                    E 

             G                                           F                               G                                         F                         

                                 F#/Gb                               T1                               F#/Gb                         

                                 L                                                                                     L                

      

                                     C                                                                                 C  

                 B                                     C#/Db                               B                                        C#/Db   

 A#/Bb                                                  D                     A#/Bb                                                  D         

      A                                                        D#/Eb                 A                                                    D#   

G#/Ab                                                     E                   G#/Ab                                                 E         

              G      G                                  F                                       G                                       F            

                               F#/Gb                                    T1                                    F#/Gb 
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: 

 

PLR 

S 

Sym(S). 

 

n(0,4,.7)=(Tn(0),Tn(4),Tn(7))  In(0,4,7)=(In(o),In(4),In(7))

PLR 

  PLR C(T/I) (centralizer)  Sym(S). 

S h  C(T/I)  hY=Y  

g  ghY=gY & hgY=gY. 

S gY g 

h S 

 

: 

IC(T/I)I / IC(T/I)Y  

 C(T/I)YI=1 , PLR C(T/I)  

PLR IC(T/I)  

-

 PLR 

PLR  C(T/I

PLR S. 

Sym(S) 
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PLR Canon 

 Johnann Pachelbel  

 

                              : 

       

                   

: 

 

                                         D                     T7                      A                          

 

                                        R                                                    R 

                   

                                            b                     T7                     f# 

 

 

 Grail  

Parsifal Richard Wagner 

: 
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: 

 

                                                    Ab                  T5                     Db       

                                             

                                                 R                                                    R 

 

                                                     f                       T5                    bb 

 

 

 Religion 

Charles Ives 

 

 

6

LR.  
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: 

 

                                           D                     I6                        a     

 

                                     LR                                                       LR       

 

                                           G                       I6                      e                                                                         

                                            

LR 

D) 

a) 

LR  
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Fourrier d

Alembert , 

 

 

Beethoven Bach. 

  PLR 

 

: 
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         2006 

 

-  2006 
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: 

 - V,3-VII,11) 

  c8-531 c8 & 530 d8) 

  (VII,94-95) 

 (985b23 -986a26) 

 213b23-29) 

  

 ,  (455,15-459,3) 

 ) 

   

  

: 

 Thomas M. Fiore,2003, Music and Mathematics,    

  Math 107,   Michigan 

 Alissa S. Crans, Thomas M. Fiore & Ramon Satyendra , Musical Actions of 

Dihedral Groups ( Copyright the Mathematical Association of America 2008) 

  , 

) 

  , 2006 , - : 

Metamath Music Page 

 R.Cohn, 1992 , Dramatization of hypermetric conflicts in the Scherzo of 
th

- Century Music 15, p.22-40 

 http:/www.byzantine-

musics.com 

  ,  << 

 

 

: 

  , 2004 ,

 

 David J. Benson, 2007, Music: A Mathematical Offering, . Cambridge 

University Press 

 Barker Andrew, 1989,  Greek Musical Writings II, Harmonic and Acoustic 

Theory, . Cambridge University Press  



 

89 

 

 ,1994,   GUTENBERG 

  1985 , Music Lovers 


