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ASSESSING THE DEVELOPMENT OF GEOMETRICAL THINKING FROM
THE VISUAL TOWARDS THE ANALYTIC-DESCRIPTIVE LEVEL

Abstract. The transition to a more advanced stage of gedsakthinking, identified by
Van Hiele as the transition from Level 1 to Level®2characterised by the gradual primacy
of geometrical structures over the gestalt unaealygsual forms and by the application of
the geometrical properties of the shapes. The isaluechniques adopted by students of
different educational levels and of a range of fargeometrical education experience have
been investigated through a number of speciallyigdes for this purpose items. The
results indicate that the perceptual strategiespegsent in the students’ strategy choices,
including university students. It is suggested thla¢ typical tests that assess the
development of geometrical thinking should be cam@Ented with items focusing on this
issue.

Résumé. L’évaluation du développement de la pensgéométrique du niveau visuel au
niveau analytique —La transition vers un stade plus avancé de la gegéémeétrique,
identifiée par Van Hiele comme la transition due@u 1 au niveau 2, se caractérise par une
primauté graduelle que les structures géométriguesnent sur les figures percues dans
leur globalité et par I'application de propriété&ométriques des formes. On a mené, grace
a des exercices mis au point dans ce but, une nd@heur les techniques de résolution
adoptées par les éleves de différents niveaux iseplaayant des vécus variés de
'enseignement formalisé de la géométrie. Il appatas choix de stratégies perceptives
jusque chez des étudiants a l'université. Une migation pour évaluer le développement
de la pensée géométrique est de compléter lesctasques par des questions centrées sur
ce point précis.
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Introduction

Van Hiele (1986), describing the evolution of Hiedry since 1955, regrets the fact
that initially he “had not seen the importance dasual level”, but finds that
“nowadays the appreciation of the first level hamsproved” (p. 41). As
Hershkowitz (1990) nicely puts it: “Visualizatiom@ visual processes have a very
complex role in geometrical processes ... More wenikdeded to understand better
the positive and negative contributions of visualgesses” (p. 94).

Visual intuition is related strongly to a particulmode of doing geometry: the
higher the level of formal geometrical reasoninge fess dominant the visual
component becomes. Thus, it would seem quite ptoduto have also at our
disposal the terminology introduced by Houdemend #&uwzniak (2003), that
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assigns the strategies of the primary geometiigaking to Geometry |, the spatial
domain of the real world, allowing experimental gmerceptual validations and
estimations, contrary to the more advanced andaigoGeometry Il, the natural
axiomatic geometry modelled according to Eucliderients. The use of these last
notions of different geometrical paradigms can lf@ate the analysis and make
more explicit the relation between the geometrieairld” within the learner acts
and the particular level of the learner’'s geomatrihinking development.

The results presented in this paper are part ofiderwesearch attempting to
elucidate certain aspects of the aforementioneditipe or negative contributions
of visual processes” to the development of geowredtthinking and vice versa (i.e.
the effect of geometry learning on the developranvisual processes). In this
paper we confine ourselves to the results relatetugively to the problem of the
transition from Van Hiele’s Level 1 to Level 2. Assing in principle Van Hiele’'s

stage theory combined with the different Geomeasagigms taxonomy, we could
phrase (and appropriately rephrase) the questisitegloin this research as follows:

— To what extent secondary education students hav&amtially progressed
from “visual” Level 1 to the “descriptive-analyti¢’evel 2?

— Do they apply the geometric structures pertaining to Geometrynlla
visually differentiated context that reminds theneo@etry I? Or more
specifically;

— Do secondary students tend to use “visual” (mop@piate to Geometry
[) or “analytic” (characterizing Geometry 1) stegfies to solve tasks which
allow both procedures?

1. Theoretical considerations

1.1. Some remarks upon Van Hiele level 2

Certainly, Van Hiele considered as main charadteres Level 2 the fact that the
visual figure recedes to the background and thpesigrepresented by the totality
of its properties. He stressed however that theogiery of these properties should
be made by the pupils themselves and not be offerady-made by the teacher
(Van Hiele, 1986). But this is not sufficient: Lé&is characterized by the pupil’'s
ability to “apply operative properties of well-known figuresbi@l. p. 41). In a

similar vein, Kuzniak & Rauscher (2006) characteribis particular stage as
pertaining to Geometry | Prop(erty) towards Geogndl; contrasting it to

Geometry | Experimental (where student use measnmem@nd drawing tools to
solve a problem) and Geometry | Perceptual (whegesblution is based on visual
perception). Hence, we should keep in mind thatomder for a student’s
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geometrical thinking to be characterised as Leyéh@ students should not simply
recollect the learned properties of a shape, botldhmanifest a more active state:
a mode of mental activity that strives to both fimelw properties andpply the
already known ones to assess spatial relationsl@dactive way.

1.2. Type and content of test items

Reviewing the research literature on Van Hiele llewee find that the test items
specific to Level 2 can be roughly described akved: A simple, basic geometric
shape (e.g. a rhombus) is shown to the student: Tiieestudent is asked to either
“list its properties” (Gutiérrez & Jaime, 1998; dai & Gutiérrez, 1994), or identify
a particular quadrilateral in a set including aietgr of different types (Burger &
Shaughnessy, 1986) or select among propositioesrirgf to known properties of
basic shapes (Usiskin, 1982).

Considering what have been said above about thertarce of student’s ability to
apply properties, it is clear that this kind ofksagut a rather one-sided weight
upon the recollection of properties over their aagtlon in novel situations. Hoffer
(1983, 1986) and Fuys et al. (1988) considered higirtwork the skill of
applicability of properties. Following Van Hiele,offer (1983, 1986) focuses on
the development of “insight” in the students, ailitgbto perform in a possible
unfamiliar situation competently and intentionaljuys et al. (1988) revised and
extended the initial version of Van Hiele’'s moddlhey suggested general
descriptors of each level recast in behavioriahterThese terms were examined
and approved by Van Hiele himself. They set add#iocriteria such as:
“discovering of new properties by deduction” (Fwtsal., 1988, p. 65) (Level 3)
(“deduction” refers to the ability of geometricaigamentation, without grasping
neither the axiomatic structure nor the interrelahips of networks of theorems),
“comparing shapes according to relationships amtiveir components” ilfid.

p. 60), “discovering properties of an unfamiliaass of figures”ipid. p. 60), and
“solving problems by using known properties of figel or by insightful
approaches’ifid. p. 60)(Level 2).

Another matter of concern is the up to date odeesidealing with the concept of
“congruence” (of line segments or angles) and rotigig other topics, like, for
example, the fundamental geometrical concepts iaiifarity” or “area”, a matter
that has also been stressed by Senk (Senk, 1989).
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2. Method

2.1. Some general remarks

If we assign a student any geometrical problemhie ¢ontext of a Geometry
lesson, this particular conteixhposeson her/his the need to act in Geometry | or
I, regardless of how comfortably s/he feels dositg The level of the student’s
competence in some particular topic and her/hisahestnative style of Geometry Ii
have a substantial effect upon the solution thdestufinally produces or the time
s/he consumes for this (and not upon the studehtge of mode of thinkinggll
students willtry to find a solution anyway pertaining to GeometryThis research
project emphasizes the importance of exactly ggse: thechoiceof the solution
strategy. We propose to integrate to the typicadr@atry Levels assessment tests
the criterion of Yecidability. In other words, we suggest to consider in the
assessment criteria not just the degree of theestisdcompetence to deal with
Geometry Il structures, but something that acteieefhat: the studentfzreference

to act in Geometry | or Geometry Il environmente™tudent interpretes the visual
context of the problem and then decides which swluhode to employ. And this
decision is not of negligible significance: students should aware of the
unreliability of visual estimates and the supetjoaf geometrical thought. Hence,
it was of considerable importance to structuregiablems’ context in such a way
that it would not impose on the student some paletic'strategic choice”.

First consequence: the visual aspect of the problead in any case to
counterbalance the geometrical/reasoning aspett of

Second consequence: we had to minimize every fabgtr could lead to any
implication alluding to Geometry lesson. The quastaire was not administered
during a Geometry classroom session. The studepte wld vaguely that a
research about “the way students deal with shapes’ in progress, not about
geometrical aptitude. The only hint in the instioigs we gave: “You can use any
method you prefer to answer these tasks. You cawbhsitever method you deem
appropriate, even your geometrical knowledge, ii yash”. Finally, we avoided
to ask students to justify their answers, in otdgprevent the participants to make
the conceptual link: “justification> “demonstration> “Geometry 11",

2.1. On the specific tasks

Following the above considerations a number of gedoal tasks were designed.
The content of these tasks derived from three @ésseroncepts: (C)ongruence,
(S)imilarity and (Ar)ea. Recall that the main idedo present a spatial problem in
visual context different to what can be found imisual geometry textbook. The
correct answer could be found either by some getcakteasoning pertaining to
Geometry Il or by a visual estimate. Nevertheld®s latter will lead, with the
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higher degree of certainty attainable, to percdptosjudgement, due to the
inherent limitations of the human’s visual systespacities.

This means that the visual setting was construictezl way that it was as far as
possible to produce visual ambiguity or error, et the visual estimation
precarious. Consequently, the deliberate aim ofsttéing of the problem was to
test the students’choice concerning the appropriate strategy (against their
presumed knowledge of the limitations of visualireations), rather than their
perceptual efficiency or exactness.

There were two tasks for each topic and two alter@aversions (to prevent
students from cheating, depending on the classmmmmditions), six in all for each

student. Fig. 1 (see Annexe) shows the test itesteted to the congruence of
figures (C1 & C2) and line segments (C3 & C4), tbe application of the

definitional property of circle and rectangle. C2 & more demanding task,
compared to C1, about the congruence of triangtege C3 is the known Miiller-

Lyer optical illusion against a background of pkalalines and circle arcs that
provide cues for rigorous geometrical reasoning.

Virtually every task concerning congruence and imvg visual estimation entails
some degree of ambiguity (since visual estimatemesreliable on a certain level,
see section 4 below). Despite that, we consideegdssary to include tasks on this
topic, at the expense of complete unambiguity, esiogngruence is probably the
most fundamental concept in secondary educationm@gy. Moreover, we
thought these test items to be just complementarthé traditional tools and,
additionaly, as novel ones, more interesting thestigated.

Constructing a congruence problem of this kind faes the following situations:

i) The shapes are congruent and they also seemetiimgfy congruent. All the
typical problems in Geometry Il are of this typepyding all the necessary data to
prove the asked conclusion without interferringhaibe visual aspect. Answers
based on visual estimates do not count (in Geombiras they are irrelevant to
the rules imposed by the teacher.

ii) The shapes are congruent but they seem comgsllinot congruent. If the
problem provides the means to prove that they angruent, running counter to
the perceptual inclination, we have tasks like CB, or C4. In this case the
visualizer is “punished” (as far as possible) amelreasoner is “rewarded”.

iii) The shapes are not congruent. If the meanzdvethey arenot congruent are

provided, this ceases to be a congruence task eocoittes a quite specific and
demanding geometrical problem. Thus, it is not fsgo construct congruence
tasks of this type. This situation can be ameledadly asking the student, not to
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prove the incongruence, but at least not to sagahgruence (which is compelling
to the eyefor lack of evidence

The purpose of C2 is to address exactly this lasition:

(i) The student is provided with the means to prbyegeometrical reasoning that
triangles A and C are congruent (two equal sidesiacluded angles having sides
perpendicular), using the explicit and implicit @abf the picture. We could
explicitly mention that the points appearing in figeire as circle centers, are really
so (the same in C1), but we avoided it, not to weggh the figure with so many
elements. Nevertheless, in case a student askettievhar not the particular points
were indeed the centers, as they seemed to bewwediately provided the
information (“yes, they are the centers”). Suchanses actually occurred.

(ii) The task asks the studemit to try to prove triangle B=A or C, due to the lack
of sufficient evidence (only one side is equal waresponding side of A or C and
it is quite apparent from the picture that nothietates other elements of B to
anything of A or C). In case a student tried tover8=A or B=C, despite the lack

of the required data, consuming time in this effaignificantly decreases this

student’s chance to be included in Geometry |l gatg

Tasks S1 and S2, and their alternate versions 83Sdn with exactly the same
underlying geometrical idea but different visuahtxt, are shown in Fig. 2 (see
Annexe). Tasks Arl and Ar2, and their correspondiagations Ar3 and Ar4,
were about the concept of area (Fig. 3, Annexeje Nwat Ar2 is the same task by
means of which Piaget (Piaget & Inhelder, 1960sgtigated the relation between
length and area.

The paper and pencil test battery included 11 itenadl. The remaining five items
tested other spatial capacities and were not tioesuming: to identify, for
example, an asymmetrical figure among symmetrics aneto find the result of a
plane rotation.

We allowed 25 minutes for the whole process. No#, the final choice of the test
items, the decision to implement temporal uppemio@as well as other practical
details were the result of analysing a number opigoal observations in the
preliminary phase of this study. The students imedlwere from the*iand 2¢
grade of upper secondary school (Lyceum) and the tionsumed rarely exceeded
20 min. We added another 5 minutes to ease ever ther time limitations.
Besides that, we have never been strict on the limits. There have been cases
where one or two said they needed more time to varksome item and we
permitted them to do so until the bell rang, evitarevards. The 25 min. time limit
is not excessively smaller than the net time remgiif from the official 45 min.
of a classroom session we subtract the time nefuldtie students’ entrance and
full accomodation, for the introduction of oursedvend our research project, for
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giving of the instructions, for the collection ofgers. Leaving the papers on
students’ hands after the majority of them hadsfied, led to attempts for
cooperation and influencing each other.

This test questionnaire was administered to 478esits (ages ranging 15 to 23).
This sample was composed of two main groups (A Bhdeach divided in two
subgroups (Al, A2 and B1, B2 respectively). For parison reasons, we sought
for a population, inside this age range, that hadeogone the minimum possible
geometrical instruction, because another researattemwas to elucidate the
pattern of the effect of various types and contesftgshe formal geometrical
education upon the process of the development ofesepatial capacities. A
population fitting these criteria was a group (lEgeAl) of 80 students attending
Bakery-Pastry Practical Apprentiship School (urttiersupervision of Greek State
Organization for the Employment of the Working F®rcThese students had
received some basic geometry instruction in eleargnand lower secondary
school, but probably their involvement in the edioreal process was limited. A
second subgroup (A2) consisted of the typical tegitaders (154 in number)
entering the upper secondary school and readytéochthe Euclidean Geometry
syllabus (mandatory for all students of this lemeGreece).

In sum, the members of group A were young adoldsceith non-systematic

instruction in a Geometry Il environment. On theesthand, Group B consisted of
two subgroups; 150 upper secondary twelfth gradBfs age 17-18) and 94
Mathematics Department students in Athens Univer@2; age 20-23), both

subject to substantial and systematic geometnidtuction (adequate knowledge
of Geometry Il concepts and techiques).

The test battery was administered in the periosvéen April 2004 and October
2005 in the corresponding classrooms.

Since, students were not carrying special geonadtinstruments with them when
they were given the test questionnaire, all workechomogeneous conditions
concerning this issue. It is true that some stwlerdrry with them small

straightedges in daily basis, but the comparisorasmements required for
congruence tasks (C1,2,3,4) could be also accohmalisby some offhand,

improptu tool: we indeed observed students usiegptige edge of a copybook or
other paper, marking on it the line segments enti(sprder to compare it to

another.

We assumed that wrong answers mainly implied eithiesuccessful visual
estimates or flawed geometrical reasoning. Howeiwecase of a correct answer
there was the possibility that a student might hased the visual estimate strategy.
This particular difference mattered substantiatly the transition to an analytic-
descriptive level. As explained above (2.1), atemtinstruction asking “How you
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worked it out?” shouldn’t be included in the pafest for the following reasons: a)
the aim of the study was to test the student’s sp@ous reaction and immediate
choice without any clue relating the task to angcsiic Geometry | or I, b) the
student’s reply “By the eye” doesn’t necessarilggnde another more analytic
strategy (Geometry II) at her/his disposal as &rm@éhte, second choice, c) it would
be of considerable interest to check whether othistquestionnaire could serve as
a reliable, convenient and independent instrumarief/el 2 assessment, and d) for
general methodological reasons (for example tritgun; the implementation of
more than two methods of observation).

Following these, we interviewed a number of stusl@itthe subgroups Al (14),
A2 (101) and B1 (42). The short interview protowas based on three questions;
first question: “How did you obtain the answer tdstquestion?” (for correct
answers only); in case the student answered “Byetreg, we proceeded to the
second question: “Could you imagine a differentrensecure, way to solve it?”; in
case of a negative answer we asked the third guestivhat about using some
property of the shapes you see, for instancejstasircle, etc.”.

In order to compare the students’ performance imae typical Van Hiele
assessment instrument, we composed two variatibbisiskin’s test (1982), each
including ten tasks aiming at Levels 1 and 2. Thesés were administered to a
number of students from groups A2 (70 students)Bi¢b0 students).

Finally, for two subgroups (Al and B1) an indicatdrthe students’ mathematics
and geometry formal education competence in solwasltaken into consideration.
For group Al we had at our disposal each studen#isks in mathematics lesson
for his/her three years in lower secondary schoblwhich we calculated the

average. The curriculum in lower secondary schnoludes the above topics of
congruence, area and similarity, taught in a ttansway between Geometry | and
II. Only a few elements of Geometry Il are presdntbe basic theorems are only
experimentally verified, with the exception of 2qBite simple proofs, and the
problem solving style is mainly that of GeometryPtop. For group Bl, we

considered the average marks in the Geometry l€ssdhe two years it is taught

in upper secondary level (Lyceum).

3. Results

The alternate versions C3, C4 (see Fig. 1), S3(s8d Fig.2) and Ar3, Ar4 (see
Fig. 3) were administered only to a number of stisl®f subgroups A2 and B1.
Differences in performance for these groups actasks C1, C3 and C4 were
insignificant (%=1.273, d.f. =2, n.s. and*X1.226, d.f. =2, n.s., correspondingly),
so we pooled these data, under a general labelThi%. was possible also for
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similarity and area tasks except for the tasks 8 &3 for subgroup Bl
(X?=11.97232, d.f. =1, p<0.005).

As can be seen from Fig. 1 task C2 demanded marmlea reasoning, so we
present the corresponding results separately. GB@uputperformed significantly
the other three in task C1 141.62, d.f. =3, p<0.0001), S2 161.97, d.f. =3,

p<0.0001), Arl (%=43.23, d.f. =3, p<0.0001) and Ar2%%1, d.f. =3, p<0.0001),
all other differences between groups Al, A2 andoBihg insignificant, except in
task S2 (X=20.54, d.f. =2, p<0.005). The correct response (%) for each group
and task is presented in Table 1.

Moreover, we calculated each student’s total sbgreounting one point for each
correct answer the student produced. ANOVA singletdr analysis conducted
with these score data showed significant differenbetween groups
(F(4,474)=33.77, p<0.001). Post hoc comparisonliestveen groups limited this
difference to B2 relative to the other three an®1iorelative to A1 and A2 (in the
A2-B1 comparison using Bonferoni and Scheffé testgmificant difference was
found (t(474)=-2.68, p<0.0083 and F(1,474)=7.228).p1, correspondingly), but
applying Tukey HSD test this difference rendereignificant (q=3.237)).

Graip
Al A2 Bl B2
Task

C1(C3,C4) 475 58.46 65.53 90.42
C2 68.75 71.79 54.25 59.57
S1(S3) 50 37.01 55.31 16.07 51.06
S2 (S4) 1.25 2.59 14 32.97
Arl (Ar3) 43.75 44.80 57.33 81.91
Ar2 (Ar4) 21.25 19.48 30 68.08

Table 1: Correct rate (%) of the subgroups in the six tasks

We present now three examples of the interviewgaore (the questions concern
right answers only, as already mentioned above).

This student was classified as one having of coamsiitial response pertaining to
a visual strategy, but after probing during thesimiew, as being able to state
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geometrical inferences of Geometry Il. Despite ihigal choice to perform in a
Geometry | mode, he is nevertheless able to ahiore analytic level.

Student G.L. (group B1, task C1):
“Interviewer: So how did you work it out?

G. L.: By the eye!

Interviewer: Could you imagine a more securg teasolve it? By the eye you are not so certain,
are you?

G. L.: Eh ... eeeh...No ...I think | cannotdfisomething.

Interviewer: Look, how about using some geoivelrproperties that you know? Here, for
example, it says something about circle radii..a2¢o you know about them?

G. L.: They are all equal...So, ...eeh...adisth line segments are equal.... hence the rectaagle
congruent?

Interviewer: Does it suffice? ...To have twdes equal, | mean?
G. L.: Ithink so ... Yes.

Interviewer: O.K. You're right!

This student was classified as one having the sasm@onse before and after the
interview. It is clear that she cannot act in a @ewy Il mode, and we can assign
her to the Geometry | Perceptual.

Student M.L. (group B1, task Ar2):

“Interviewer: And this one how did you work it out?

M. L.: | put the small one [T] inside the big or[sbe has on the test paper a T square inside each
one of the bigger squares, see Fig. 4, Annexekatithated by the eye the remaining area to be equal
tothatof T...

Interviewer: And in the case of B you foundtttiee remaining area is the same as that of T?,Well
this seems quite difficult to me! ... Isn’t ther@®e other more certain and easy way to find it?

M. L.: What else... Nothing comes into my mind.
Interviewer: Maybe something that has to ddwwhie area of certain geometrical shapes?

M. L.: Oh, sir, geometry has never been myrgjrpoint!’

The following is an example of a clear case cl&ss$ifas one implementing
geometrical reasoning in the initial response.

Student S. K. (group B1, task S1):

“Interviewer: And how did you find the answer tcstbine?

S. K.: | found the ratio of the two sides ampared these ratios ... similar rectangles have the
same sides ratio
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Furthermore, some students had written the correpg computations on their
paper, making apparent the formal geometrical nwfdibeir strategy. See Fig. 5
for some examples of these responses.

One not uncommon misconception has been revealedtfie students’ responses:
taking as line segment’s length the number of this dhdicating the units in the

segment (Fig. 6). This erroneous mode of measuwamgbined often with correct

geometrical reasoning.

Al A2 B1

Geometrical | 0 0 1 2 3 0 1 2 3 4 5 6

reasoning in
task | task task | tasks | tasks | task | task | tasks | tasks | tasks | tasks | tasks

Initial 100 | 84.15| 12.87| 297 0 54 24 4 2| 2 g

response

During the | 100 | 60.39| 25.74 10.89 2.97 4 3D 12 q 10

interview

Table 2: Interviews’ results (percentages).

The results of the interviews are shown in TablénZhe first row the number of
tasks, in which a student used some form of gedcaktreasoning, is indicated.
We included in the correct geometrical reasoningnetechniques of Geometry |
Experimental, such as “measurement by straighteztyapass, pencil, etc.”. In the
second row the corresponding percentages of thaestsi are presented. For
example, 24% of group Bl had an initial responseolinng some form of
geometrical reasoning in only one task or 2.97%2fn two tasks or none of Al
in whatever task. After the interviewer's intervent some of the students found
eventually another solution and the percentagebeofecond row have increased.
For example, the percentage of group Bl using ga@rakreasoning in one task
became 30%, while the initial 2.97% of A2 that ga®metric solutions in two
tasks became 10.89% during the interview.

According to our version of the typical Van Hielest and using the “strict

criterion” (4 correct answers in 5 questions, sed paragraph), the 42.85% of the
sample of group A2 and 61.64% of the sample of gl had acquired already
Level 2.
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The Pearson product moment correlation coefficieetween performance in
formal mathematical education (specifically geomsatrfor group B1) and the six
tasks of our test found r=0.381 for group A2 and.284 for group B1.

4. Discussion

Attainment of Level 2, in Van Hiele’'s terminologgeems to be critical for the
subsequent progress of a student in more abstemrnejrical education (Senk,
1989). Consequently, it is crucial to reliably awalidly identify the students’
geometrical thinking level at the beginning of uppecondary and university
education. In section 1.2 we argued for a broadgbuwth in type and content of
the test items employed to identify the studentshgition from Geometry | to
Geometry Il (or, talking from the individual lean® perspective, for Level 2
against the “visual” Level 1).

It is evident that the choice of the criteria ahé torresponding tests may have
substantial effect upon the assignment of a pdaaticievel to a student. In the
traditional Van Hiele research paradigm two stadderiteria have been put
forward: a) the “strict criterion” which means tteaparticular level is assigned to a
student if she/he answers correctly to 4 out ofi&stjons pertaining to this level,
and b) the “lax criterion”, where we have 3 corr@aswers out of 5 questions.

The choice of the success rate that should be demesl as the appropriate qualifier
for a student is clearly a matter of discussiodidatively, in the current study, we

could accept as a “lax criterion” of Level 2 attaient, considering the difficultness

of these tasks compared to the traditional instnimas well, 3 correct answers out
of 6 (50% success rate). Taking additionally intocant the fact that performance
in congruence tasks (C1-C4) can be based quitgesftly on visual strategies (as
is well established in cognitive science experiraentsearch and actually

confirmed by the present results; see Levine (2@0@) Newcombe et al. (2000)

for an overview), we can set as criterion the follm:

Criterion C: “At least 3 correct answers but, insgof 3 correct answers, not 2 of
them pertaining both to congruence tasks”.

Applying this criterion, only 22% of A2 could clafssd in level 2, compared to
44% of the traditional test (with application oétHax criterion”), and only 38% of
B1, compared to 62% of the traditional test. Theseentages are closer to those
revealed by the interviews, where 15% and 40% ajugs A2 and B1,
respectively, managed to find some form of geormaitrieasoning in more than 2
problems. Almost 100% of Al sample, 60% of A2 ai@dedof B1, insisting on
visual strategies in all tasks even after probingng) the interview, we might say
that are still acting in a Geometry | Perceptuatiendn Chart 1 the percentages for
all groups concerning our written test are shown.
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As clearly mentioned above, setting another cotenvould of course result in
quite different percentages. Criterion C has begdied post hoc. Between the 14
individuals of Al group that consented to answar questions (the rest were not
SO cooperative), only 2 belonged to the categoay plassed criterion C and they
said (Table 2) that they relied on perceptual esis Consequently we cannot
know for sure whether between the remaining 10sfpgsC) there were some that
used different methods (measurements are not iraptep

Furthermore, this particular group had some pegtiéa. Officially they ought to
be at the same level as A2 (having completed thedatary 12 years education),
but they were not absolutely homogeneous educdlyorea few of them had
attended one or two years at upper secondary seimaothen dropped out to seek
some vocational instruction.

50
45
40
35
30
25
20
15
10

5

0

A1 A2 B1 B2

Chart 1: Percentage of students that have attained leaet@rding to criterion
C (written responses).

Taking into account the idea that different critedould be applied to different
groups we could set a more strict criterion for sstudents group. For example, a
stricter criterion could be:

Criterion C*: “At least 4 correct, but only one @f1 or C2".

According to this criterion only two members of fass to Geometry Il. In any
case, considering the interview results, it is moteasonable to expect that, if we
combine these test tasks with some traditional Gl items, this percentage
will practically be reduced to this low level.

The choice of the component capacities that canstithe so-called Van Hiele
Level 2 or the corresponding ability to act sufficily in Geometry Il mode is a
matter of interpretation and enrichment of the ioaf theoretical frameworks.
Failure to meet “criterion C” may not disqualify rapletely a student for the
Geometry Il requirements; we can talk about a “lodegree of Geometry | Prop
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acquisition” with “strong attachments to Geometrydrceptual or Geometry |
Experimental modes of thinking” and strong tendesdb “regress” any time to
them depending on the conditions. Neverthelessethidts strongly suggest that for
these students the required substructure undertiiegnore abstract situations of
Geometry Il, characterised by logical relations amndering of properties, is not
adequately solid. The kind of understanding of Brgmathematics they can attain
is really a matter of question. This may prove &eqgrucial point as far as it
concerns syllabus design and the correspondingitiginal methods employed.

The results imply that the typical tests puttinglaegive stress on recollection of
properties of figures or formal definitions (espdlgi Usiskin’'s test questions
pertaining to Level 2, where the questions havesasy quantifiers and the figures
do not play any role except in one) rather faitépture the specific difficulties of
the transition from the visual level to a more gtialone. For example, Senk
(1989), using Usiskin’s questionnaire, found tmahér sample consisting of' %o
11" graders, almost 70% had already mastered lev@ufiérrez & Jaime (1998)
(using only recognition and classification tasksluding recollection of text book
properties definitions and simple proofs) reportieat the percentage of the™0
graders having attained level 2 and up is grehter 70%.

It is interesting to stress here, in addition te $tyle of the problem set, the matter
of tasks’ content: similarity and area were natlataken into account by the above
researchers, while the error rates at our S2 afdasks were 85%. See also Chart
2 for a comparison between our test and the vanaif the typical Usiskin test.

These comparisons suggest that the percentagegbf$tihool final graders acting
in a Geometry Il mode is lower than until now thbugdrhis is in accordance with
Houdement and Kuzniak (2003). Therefore traditicst instruments might be
complemented with items like the ones presented. her

70

60

50

40 O our test

30 M traditional

20

10

0
A1l A2 B1 B2

Chart 2: Comparison between traditional Van Hiele test am. Traditional tests
lead us to take for granted that the majority aftHBSchool students have already
mastered level 2.
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The overall performance of group B2, as was redsdgrexpected, is higher than
that of the others. But the fact that a not neblegipercentage of Mathematics
students have not yet attained some form ofgéb@metricalconcept of similarity
(see also Kospentaris & Spyrou, 2005) or the @idbetween square’s side and its
area, should not pass unnoticed. When the geomletdasoning demands of the
task were harder all groups tended to take recotgseisual estimation. The
extensive use of visual-perceptual strategies @aseen clearly by the results in
the more demanding task C2 or S1. In these taskslgtl to loss of whatever
geometrical advantage group B2 might have relatvihe other groups, reducing
the effect of educational experience.

Visual perception can be quite accurate in estonatif length or distance, as
already mentioned above, that fact been establistxperimentally in cognitive
science. The same can be said about the geomigtsaallar shapes, as this visual
mechanism supports the scale invariance of movijects in the visual field (for a
more detailed analysis of the relation of resutisSil task and perception, see
Kospentaris & Spyrou, 2005).

Relying solely on visual strategies subgroup Alpetformed group B in C2 and
scored quite above chance level in C1 and S1! (diffisrence in C2, statistically
insignificant as it is, cannot be reasonably atiteld to other than chance factor. In
the hypothesised case that some B group studeats tv find a Geometry I
solution and failed because of missing data, timédtions or the difficulty of the
required geometrical reasoning, nothing preventeeint from giving the last
moment a quick visual estimation. We do not have @ason to presume that
geometric sophistication diminishes visual abitit{en the contrary). A factor that
could explain this difference, if it was not accited, would be some systematic
error in geometrical reasoning of which the solwas not aware, such as that has
been observed in S2 (S4) (see below), but no suderece has been found).

Estimating area, however, is rather difficult, wées even the “visualizers” in
some instances tried to aid themselves by some dfimmictorial computation (for
example, the case of student M.L. above was nofug)i

It is noteworthy at this point to mention that thbove given examples of
geometrical misconceptions about a side’s lengib. (6, Annexe) were not the
only ones observed. Another common misconceptios that of misidentifying
“similar shapes” as those “having the same area'ther linear (proportional)
relation between shape’s side and area. Thesethed tke, for instance, a more
idiosyncratic use of corrupt geometrical “knowletige effort to apply some
absolutely irrelevant geometrical tool (Fig.7, Areg had of course a negative
contribution. In other words, in order for geomeditireasoning to be productive it
has to be correct; otherwise it is worse than naiseal thinking. These specific
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misconceptions are more likely to be revealed ichstasks. Consequently, we
argue that they should be taken into account ic&iitnal design.

Returning to the difficulties observed in B2, it wld be relevant to refer to Van
Hiele’s (1986) view that a person after having intd Level 2 even irvisual
thinking the formed structures of this level are alwayhisther disposal, but with
one exception: if he/she thinks in another cont@&it this effect of visual set
seems not to be evenly distributed among tasksraydbe related to the content of
the task (so it can be attributed, for example,specifically inadequate or
ineffective instruction in similarity and area). i$hraises the following question:
Have these students really attained some adeqapéeity to perform in Geometry
I mode, but have trouble applying simple strucsuref it in a visually
differentiated context? Or are they still actingrashe initial stages of Geometry |
(Perceptual and Experimental), at least for theadiqular topics? Previous
research (Mayberry, 1983; Gutiérrez & Jaime, 198Y)fact revealed that
preservice elementary school teachers usuallyna¢an Hiele Level 1 or 2, but B2
is a student’s group derived from a mathematicadiyhisticated population.

Another result worth noticing is the marginal diface between Bl and A2,
despite the great amount of geometrical instrudtienformer have received (3 or
2 hours per week for 2 years in Euclidean Geomatiy 5 in Analytic Geometry
during 11" grade for almost 80% of them) and the observed dowelation to
school geometry performance.

Van Hiele himself appears to have retained hisainiiew that “in practice thanks
to education nearlgll pupils attain the two levels [first and secondprser or
later” (1986, p.44). Interestingly, Piaget & Inheid(1960) claim that reaching
Stage IV children understand the appropriate welatietween a square’s side and
its area and can give an adequately approximatwearts this task (Ar2). Piaget
(ibid), studying the formulation of the concept of getmoal similarity and its
relationship to the concept of proportion, acceptg Stage IV is marked by the
attainment of true proportionality. Hence, accogdio Piaget, at this particular age
range (15-25), and since Stage IV is attained moatall children around the age
of 13, we sould expect for S2 and Ar2 tasks thewlrelming majority of students
to find a solution more oriented to Geometry | brHor Piaget the passage to
higher levels of spatial cognition is somehow iitsed into the order of things and
constitutes an ineluctable part of the developnaigmtocess (we could probably
characterize his view as a more nativistic one).tkm other hand, according to
other schools of developmental theorists (like,ifistance, Van Hiele) the cultural
enviromental context (in our case, schooling) awgua far greater importance.

The results of this study strongly support Van elethesis about the irreplaceably
crucial role of school instruction upon the formati of the fundamental
geometrical concepts (see Al results). TransittomfLevel 1 to Level 2 is an
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arduous process demanding great instructional teffeithout which students
remain forever at level 1 (group Al). But as facascerns progress to level 3, that
presupposes a complete mastering of level 2, opéreentage of the students’
population that substantially reach this stagengbido not allow us to take
anything for granted. Maybe we could attempt to fartvard some tentative
explanation for this obvious discrepancy betweemé&r and recent studies: it is
not unlikely that pupils grown in the particularuedtional and cultural milieu of
pre-war and first after-war decades in Europeanntms had developed a
cognitive style more familiar to formal, abstraetogetry. But nowadays children
are more tuned to the visual, holistic style of Wétching and computer gaming,
and this influence has considerably reduced thg/@maarameter of their thought
(see also Healy, 1999).

Considering that the main goal of secondary gedoateducation is to at least
provide the students with an adequate knowledg&&dmetry Il structures, a
necessary prerequisite in order to enter into teen@&try Ill paradigm, do we have
before us an evident educational inefficiency? €hasks and students’ responses
show, in the best of cases, that geometrical caa@am procedures of Geometry Il
are not “getting out” of the typical textbook coxitéo “function” in real world
situations (Geometry I). It is likely that theseustures are quite precarious and
easy to disintegrate with the context change.

A plausible description of the processes takingels this: the majority of the
students finishing elementary and lower secondducation remain at Level 1 or,
in the best case, at a low degree of Level 2 aitouis At the beginning of the
upper secondary school the syllabus and the in&inad methods put them
suddenly in the Geometry Il “world”. Most studerfitsd some way to cope with
the situation, mainly by replicating the algoritlenprocedures presented by the
teacher without real understanding, but the commeatith the concrete spatial
situations of Geometry | is lost. The structures tbé lower levels remain
unaffected. The observed above low correlation \hth school marks in formal
Geometry and a previous finding of geometry levelsearch that some students
appear to act at two levels simultaneously, tendgupport this view. Students
appear to replicate some of the superficial aspett&eometry Il paradigm,
whereas their geometrical thinking remains deepiy Geometry I.

Working in Geometry Il from an early stage is prolyathe source of these
problems, as Van Hiele warns (1986, p. 66):

It is very usual, though always condemnable, teakpto pupils about concepts
belonging to a level that have not at all attairiBus is the most important cause of
bad results in the education of mathematics. Theltref such instruction is that the
pupils are obliged to imitate the action structofethe teacher. By doing so they
usually succeed in mastering operations belonginghé level. But because the
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action structure does not result from a real urtdeding (i.e. not by analysis of
lower structures), it must result from a globalusture of acting. The success is
seemingly complete: In the long run the pupil ideato calculate as fast as the
teacher.

The teacher does not use low (visual) structuresrwife computes, neither do his
pupils. But whereas the teacher (as we supposehapd) has obtained the
knowledge of computing by a transformation of theictures of a lower level, with

the pupils such a relation is absolutely absenth\Whe teacher, computing will

generally be connected with concrete material. ke w a new concrete situation,

usually be able to apply his knowledge. In suchesafiowever, the pupils be
powerless.

Besides the need to extend the period dedicate@etumetry |, another crucial
point is the instructional method: situations, &ties and adequate time that give
the opportunity to the student to discover thetiehs and structures of this domain
by himself, seem indispensable. Van Hiele strefgepoint alsoibid. p. 63):

If pupils do not find the network of relations ofgaven level by themselves, when
starting from a concrete situation, will have diffities returning to the
corresponding signification in the developed netwaf relations, unless the
concrete situation happens to be that of the te&cbeginal situation.

Insistence to present ready made the deductivetsteiand logical relations of
Geometry Il immediately at the beginning of uppecandary school without
reliably assessing students’ level, as things ooetito happen until today in
Greece, implies that we take for granted that tim&stered level 2. The above
results posit serious questions about this assompti
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Annexe
TASK C: Congruence

(Pictures are scaled-down to approximately onedfatfie original).
TASK C1 Which one of the rectangles TASK C2 Which one of the triangles

B or C is congruent (exactly the

same) to rectangle A?
B

All curves are arcs
of circle and the line
segments their radii

1)Rectangle B

2)Rectangle C

3)Both of them are
congruent to A

(Indicate the correct answer)

TASK C3

Which one of the line segiments AB or CD
has greater length?(Horizontal and vertical
lines are parallel and the curves are arcs of
circles)

1) AB1s greater in length
2) CD 1z greater in length
3) None of them

(Check the correct)

B or Cis congruent to
triangle A (exactly the
same in dimensions)

1) Triangle B

2) Triangle C

3) Both of them

\J All curves are
arcs of circles

TASK C4

In this picture we can see the section of a town map.
Two friends, John and Nick, walk the distance from
A to B, following the pictured different routes.
‘Wlich one has to walk a greater distance?

N AN ..

ot
HI\UE IR

A

Nick's
. 5 route
1) Nick’s course is shorter

2) John’s course 1s shorter _
3) It’s the same for both of them (Indicate the

correct answer)
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TASK S: Similarity
(Pictures are scaled-down to approximately onedfalie original).

TASK S1 TASK S2

We have made 4 capies of the great urn pictured below If it is known —Among the pictured rectangles below exist two similar
that 3 of them have dimensional deformities, which is the correct one? ones find them and write down their numbers.

Similar rectangles are .. and ...

TASK 83 TASK 54 . :
In the sequence of the same rods below, that Among the right-angled triangles below there exist
are viewed to recede in depth, one is two similar ones.
missing in position ¥ Which one Find them and write down their numbers,
oftherods A, B, Cor D, is )
the right one to be put
in this place? | A \7;

11

Rod ... is the appropriate one
for position %

Similar triangles are .

HHHHAHAHHAHHHHAHHHH

N
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TASK Ar: Area
(Pictures are scaled-down to approximately onedfalie original).

TASK Arl TASK Ar2
Two spots A and B light the wall of a corridor C. Which one of the squares A, B, C, or D has double
Whose light beam covers greater area on the area of that of square T?
corridor’s floor? (Indicate the correct answer)
A B T
Corridor’s D
floor C A B C
i Wall The square with area double of that of T is ...
1) A covers greater area

2) B covers greater area
3) They cover the same area

TASK Ar3

On a poster we want to write the word “AOKIMH™*,
Select slope A or B in order to spent less ink.

JOKIHH

Smaller quantity of ink is needed
* Is the Greek word for “TEST” 1) In casec A

2) In case B
3) The same in both cases

TASK Ar4

Exactly the same as Ar2, the sole difference b#irdength of the square’s
side (5 units)
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How ‘and .to napukdte tetpdyova A, B,T 1 A
kakdmrel éxtaen Syrhdcia omd ovth Tov TeTpaydvov T;

T

AL

Eupodé duthdco tov T £y 1o tetpdyavo .E

Fig. 4: Student’s M.L. (group B1) response, a case ofalisgtimation
(with correct results!).

6

To wiyovo A pe 1016 ans
} : : 1@ 8o &a tpiyove B 4 I
Geometrical reasonng: givan iso (axpiBds 5w o

Bmmdcmg}-

¥

group Bl ue to B
2Yue w0 T
Kot He T Svo

Figure 5a
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Tlowo amd 1o mopoxaron tetphyeve A, BT ., AwE
kakbrrer éxtaor Swhdoio and ovthy Tov Tetpaydvou T

¥ e

€t 2 (-0

pEE TT

Eppadéd dumhaoio tov T &er 10 tETphyavo B

Feometrical reasoning: group Bl

Figure 5b
Figure 5: Students’ responses with explicit geometrical cotapons.

Evtoriote o 800 épow petadd toug opboydvie tpiyava mov Ppiokoviot avé-
HEGU GTO TAPAKETO. ,
A

..D.L!;O;.(‘.'. s o & pe o 5
Figure 6: A case of correct geometrical reasoning with
erroneous measurement.
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Figure 7: Indiscriminate application of unrelated geometrieasoning

(group B1).
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