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Abstract

In this paper we draw on a 16-month study funded by the Learning and Teaching Support Network in the UK and
entittedMathematicians as Educational Co-Research&re study’s aims were two-fold. Primarily we intended to
explore mathematicians’ reflections on issues identified in the literature as highly topical in the area of teaching and
learning of undergraduate mathematics. We also wished to explore the conditions under which mutually effective
collaboration between mathematicians and researchers in mathematics education might be achieved. Participants
were 20 mathematicians from 6 mathematics departments and the study involved a series of Focus Group Interviews
where pre-distributed samples of mathematical problems, typical written student responses, observation protocols,
interview transcripts and outlines of relevant bibliography were used to trigger an exploration of pedagogical
issues. Here we elaborate the theme ‘On the Pedagogical Insights of Mathematicians’ as it emerged from the data
analysis. We do so in two parts: in the first part we present the participants’ reflections on issues of interaction and
communication within the context of teaching and learning in higher education. The data suggest that the lecturers
believe that mathematical learning is achieved more effectively as an interactive process and recognise that lecturing
is not a method generally conducive to interaction. However, they discuss ways in which interaction can be achieved
and refer to seminars, tutorials and feedback to students’ writing as other opportunities for interaction that must not
be missed. In the second part, we focus on the lecturers’ pedagogical reflections regarding the abstract nature of
university mathematics and, in particular, the ways in which teaching can facilitate the transition from the concrete
to the abstract. We conclude with a brief evaluation of the project by the mathematicians themselves.
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1. Introduction

Research into the learning and teaching of mathematics at tertiary level has gained momentum in re-
cent years due partly to the decline in the numbers of students undertaking further studies in mathematic:
(Hillel, 2001). Moreover, as universities become accountable for their teacAlsipg, 200}, university
mathematics lecturers are becoming more aware of the need to reflect on pedagogical issues. New fo
rums have been created where mathematicians and researchers in mathematics education come togett
and discuss issues of teaching and learning mathematics. One of those, for example, is the University
Mathematics Teaching Conferendwdtp://www.umtc.ac.ukwhich runs yearly in the UK. Awareness of
the need to engage with mathematics education appears also from within the mathematics community
For example, in the October 2003 issue of Hatices of the American Mathematical Sociéfifliam G.
MacCallumexplains how research in mathematics education has the status of “feeling more like doing
mathematics than like teaching” as it goes through the three stages of Discovery, Publication and Review.
After discussing a few examples of work in mathematics education originating within four mathematics
departments in the US, he then reflects on the collaboration between mathematicians and researchers
mathematics education:

Collaborative efforts between mathematicians and mathematics educators are sometimes hampere
by a general lack of mutual respect between the two fields. Thergiav¢ts should existhat
are models for how mathematicians and mathematics educators can work together. (p. 1097)

The importance of this quote lies in the fact that it appearednmathematicgournal rather than in a
mathematics educatigournal.

Within the community of mathematics education there is wide agreement about the importance of
involving mathematicians in educational reseamshigue, 1998. However, often there are difficulties
doing so. For exampl&fard (1998highlights the difference between the research paradigms of the two
communities:

On the one hand, there is the paradigm of mathematics itself where there are simple, unquestionable
criteria for distinguishing right from wrong, and correct from false. On the other hand there is the
paradigm of social sciences where there is no absolute truth any longer; where the idea of objectivity
is replaced with the concept of intersubjectivity, and where the question about correctness is replacec
by concern for usefulness. (p. 491)

She also suggests that this is one of the main hurdles that the two communities need to overcome fol
collaboration to become feasible.

Despite recognition of the importance of collaboration there are not very many examples of it. We
were able to find only few examples in recent literature. First, chronologicaliuig’s study (1993)
aboutimages of mathematics held by mathematics university lecturers. Second is Burton'Bsttaty, (
1999a, 1999iBurton & Morgan, 200Dof the writing of professional mathematicians and their perception
of mathematics epistemology. Mathematicians in universities in the UK were interviewed on their views
of “how they come to know mathematics and how they know that they have come to know mathematics”.
Third is theUndergraduate Mathematics Teaching ProjegtJaworski, Nardi and Hegedudavorski,

2002 Nardi & Jaworski, 2002Nardi, Jaworski, & Hegedus, 2009n this study, university mathematics
lecturers were regularly observed in their weekly tutorials and then were invited to interviews where they
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reflected upon critical incidents from the tutorials. This study aimed at the mathematicians’ involvement
as co-researchers rather than ‘subjects of reseaktasgn, 1998 More recently the work of Alcock

and Weber \\Veber, 2004 Weber & Alcock, 2004 has pursued the involvement of mathematicians in
generation of mathematics education findings and has contributed to stimulating increased interest in this
so far under researched area. The study we report in this paper extends this involvement even further (as
we demonstrate in Secti@). The study builds on the tradition of studies on teachers’ thinking processes

as originally conducted within primary and secondary educationNaedi et al., 2005for a brief review

of the relevant literature).

2. Methodology of the study

Participants were 20 university lecturers from 6 mathematics departments in the UK. The study was
conducted in two strand3.he first strand where the main body of data was gathered, engaged five
mathematicians at the university where the two authors work. The participants were volunteers among
the members of the mathematics department who responded to an initial presentation of the project. We
will call them Lecturer$ A, B, C, D and E in the interview excerpts. The research subjects and age of the
participants are mixed. Lecturers B and C are applied mathematicians in their early forties. Lecturers A,
D and E are pure mathematicians. Lecturer E is in his early forties, Lecturer A is in his early fifties and
Lecturer D is in early thirties and just started a lecturing job at this university. They are all white, male and
British, apart from Lecturer A, who is not British and was educated in Continental Europe. With this team
we held six meetings over six months during one academic year (approximately one meeting per month
from November through April). Each meeting lasted approximately four hours and revolved around the
discussion of Datasets (see the following) specially prepared for each meeting by the two autlors.
second strandaiming at widening the spectrum of participation and at triangulation, consisted of similar
discussions of the first five Datasets with groups of university lecturers from volunteering mathematics
departments elsewhere in the UK.

2.1. The methodological tool

The methodological tool employed for data collection was Focus Group Intervisilsof, 1997.
The rationale behind this choice (see ai&ardi & lannone, 200Bwas that this would allow us to observe
interaction between team members with different mathematical and cultural backgrounds. Moreover,
even if the focus of discussion was provided by the researchers in mathematics education (via the choice
of the topic of the Dataset) we wished not to provide any interpretation of the data. The aim in this case
was to seek involvement in the process from a positiooreating ideagather than from a position of
responding to ideasAs Madriz (2001 )explains:

... the researcher usually dominates the whole research process, from the selection of the topic
to the choice of the method and the questions asked, to the imposition of her own framework on
the research findings. Focus groups minimise the control that the researcher has during the data

! In the text we refer to the participants of the study as Lecturers. Meanings of this term differ across different countries. We
use it here to denote somebody who is a member of staff in a mathematics department involved in both teaching and research.



194 P. lannone, E. Nardi / Journal of Mathematical Behavior 24 (2005) 191-215

gathering process by decreasing the power of the researcher over the research participants. Th
collective nature of the group interview empowers the participants and validates their voices and
experiences. (p. 838)

The Focus Group Interviews carried out with the team in the first strand were digitally audio recorded
and fully transcribed. The interviews carried out in the second strand were also digitally recorded and a
protocol (a narrative account of the interview) was produced.

2.2. The Datasets

Each Datasétis a document of about 14 pages given to the participants before the meetings and
prepared by the two authors. It contains examples of students’ written work or protocols of observation
of tutorials (from the authors’ previous work: for examgiennone & Nardi, 2002Nardi, 1996 and a
short list of main points that such extracts might raise. It also includes a brief literature review concerning
the particular issue treated, together with a list of relevant references from the mathematics education
literature. Each Dataset centred on a key issue regarding the learning of mathematics at university leve
as explored in the authors’ previous work and in the literature on advanced mathematical thinking (e.qg.
Tall, 1997). This list is by no means exhaustive. The six key issues for the six Datasets were:

Formal mathematical reasoning I: students’ perceptigraisfand its necessity;
Mathematical objects I: the conceptlinhit across mathematical contexts;

Mediating mathematical meaningymbols and graphs

Mathematical objects Il: the conceptfahctionacross mathematical contexts;

Formal mathematical reasoning Il: students’ enactmeptafing techniques

A Meta-cycle collaborative generation of research findings in mathematics education.

ok wnhpE

2.3. Data analysis

The data analysis of the interviews was carried out in the spirit of Data Grounded Tli&ase(
& Strauss, 196)f Once the recordings had been fully transcribed, the two authors — independently
for the purpose of analytical triangulation and validatidm¢oln & Guba 198% — broke the tran-
scripts intoEpisodesEach Episode is a self-contained section of the transcript with a particular focus.
These Episodes form the analytical units of the data processing. Following a comparative scrutiny of
the two authors’ Episode breakdowns, a final list of 80 Episodes was agreed. Each Episode was ther
turned into aStory, a narrative account in which the authors summarise the content of the Episode,
while focusing on particular aspects of the Episode by occasionally quoting verbatim from the tran-
script. (SeeAppendix A for a demonstration of the process of transforming a transcript excerpt to
an Episodeand then aStory) The Stories, out of the Episodes, were again produced by the two
authors independently and then scrutinised collaboratively. Once an agreement had been reached re
garding main focal points of each, the 80 Stories were then grouped into five categories as shown in
Table 1

In this paper we focus on the second category.

2 For an example of a Dataset seangwin, Cooker, Hamdan, lannone, and Nardi (2003)
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Table 1
Category Number Content
(total: 80)
1. On students’ attempts to adopt the “genre speech25 Reflections on the learning of mathematics at univer-
of university mathematics. sity level (on students’ thinking as evident in their
mathematical writing and speakingy4rdi & lannone,
2005, in pressNardi, lannone, and Sangwin, 2004,
submitted
2. On the pedagogical insight of mathematicians: 25 Reflections on the teaching of mathematics at univer-
teaching as initiation into the “genre speech” of uni- sity level (perceptions of one’s role as a university
versity mathematics. teacher and on relevant pedagogical practices)
3. On the impact of school mathematics on students’ 4 Nardi et al. (2003)
skills, perceptions and attitudes.
4. On the mathematicians’ own mathematical thinking 20 Reflections on the ways mathematicians do researchin
and the culture of professional mathematics. mathematics and on their own experience as learners
(lannone, manuscript in preparatjon
5. On the relation, and its potential, between re- 6 Nardi and lannone (2004)
searchers in mathematics education and mathemati-
cians.

3. Explanation of Category 2 and data analysis

3.1. What do we mean by ‘on the pedagogical insight of mathematicians: teaching as initiation into
the “genre speech” of university mathematics’?

In this category we have grouped together stories where lecturers investigate their own pedagogical
practice, propose changes and improvement to it, all for the purpose of introducing students to the form
and content of university mathematics. Our understanding of ‘genre speech’ is Balkluin (1986)
explored further byvan Oers (2002)

The genre is primarily a social tool of a sign community for organising a discourse in advance and
often even unwittingly. It is a style of speaking embodied in a community’s cultural inheritance,
which is passed to members of that community in the same way as grammar is passed on. A genre
is not so much a strict and fixed social norm, but it is a generic system of changing variants and
possible utterances that fit into a community’s practice; it is some kind of arena or forge where
new variants of utterances are created and valued, that contributes to the essential polyphony and
dissonances of meaning and discourse. (p. 69)

Let us stress that the focus of the participants’ reflections presented here is on more effective teaching
within the existing lecture/seminar university framework. As we will demonstrate in the data and analysis
that follow, the mathematicians may find themselves largely disagreeing with this structure, but never-
theless reflecting on how to teach within it. Moreover, even if there is acknowledgement of the fact that
the curriculum may need to change with the changing needs of the students, this is not the main focus
of discussion in the interviews. The main focus is teaching practice in all its aspects, with the existing
curriculum and in the existing framework as given.
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Table 2
Sub-category Content Frequency
1. Learning through interaction On the necessity of interaction between lecturers and 4
students, and amongst the students themselves
2. Lecturing Shortcomings of lecturing, and techniques sug- 14
gested/employed by the lecturers for improvement
2.1. The clash between different How different messages about learning mathematics 2
courses in the same year givenin different courses are confusing for the students
3. Seminars and tutorials What seminars and tutorials aim to achieve, optimal 4
use, timing and format issues
4. Homework
4.1. Choosing homework questions On selecting and formulating homework questions 8
4.2. Use of the homework | On question setters’ intentions with regard to covering 2
mathematical content and addressing students’ learn-
ing needs
4.3. Marking the homework On marking and written feedback to students 1
4.4. Producing model solutions On the use and optimal format of model solutions; the 1
advantage of tailoring them to the responses of the
students
4.5. Use of the homework Il On the link between homework questions and exam 1

guestions

3.2. Data analysis within Category 2

Following agreement by the two researchers on the Story breakdown, the first author suggested &
further breakdown of the 25torieswithin Category 2. The breakdown, into eight sub-categories that
were interrelated and at times overlapping was agreed upon: a Story could belong to more than one

sub-category (which explains why the frequencieJable 2add up to more than 25, the number of
Stories in this Category). The first four subcategories {&#e 2 revolve aroundearning through

interaction anissue that, while raised by the participants within the context of their experience as teachers
of mathematics at university level, is also more generally germane to teaching within higher education. The
remaining four sub-categories (Seble J revolve around anissue thatis more specifically germane to the

Table 3

Category

Explanation

Frequency

Representation of abstract mathematical ideas in concrete terms

5. The role of examples and numerical evidence

6. The use of IT
7. The language of mathematics

8. Metaphors

of mathematics

On the role of numerical examples in different aréas

On the use of graphic calculators and specialist math-2

ematics software

The tensions between the formal and informal, syns-

bolic and verbal language in teaching mathematics

Metaphors used by the mathematicians to describe stut

dents’ learning
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teaching oimathematicsit university level, theepresentation of abstract mathematical ideas in concrete
terms

In the following sections we concentrate on sub-categories 1-5, touch briefly on 6, and leave 7 and
8 for discussion elsewhere. We conclude with a brief section on the participants’ reflections on how
participation in the project has initiated reconsideration of teaching practices (we elaborate MNeask in
& lannone, 2004

3.2.1. Learning through interaction
The following extract exemplifies the participants’ views on the issue of learning through interaction,
an issue they would return to repeatedly throughout the period of data colléction.

A: Because | actually think that the element of difficulty in solutions is not something that you can pin
down on a piece of paper. An argument, between the student and the teacher, ideally, why is this so
and by the time | distil it in the model solutions the argument is dead, it becomes part of script. So
the element of discourse is.[] what the thing is about. And we should have oral examination, and
we should have lots and lots of oral interaction with the students to see that mathematics is about
arguments..[. .] [Lecturer A refers to dsmall table’ arrangement in the department where students
are invited to congregate and work togeth&thybe there is also an important point into this. Where
our students learn the best is in these interactive environments and things like these that they sit around
and talk and talk all day. It appears to me that they learn more there than in many of our lectures.

EN asks whether it is possible to incorporate this type of arrangement somewhat more formally into the
learning experience of the students.

E: No, really, and it is not easy to follow actually because these things work at a social level and then
they work at an intellectual level.

C: And as soon as a faculty member is there, you know, it will distract the interaction.

A: It is so strongly supported that we could not do more, in a way. We encourage them to be there, we
give them this space, we say how wonderful it is. They see themselves how wonderful it is, there is
no doubt about this, and they know for themselves that it is the thing to do. And this is about as much
as you can do. You can't make it obligatory.

E: No... And already we have some slight rumblings of difficulty in the university about the fact that
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have this happening if it wasn’t connected with homework. There need to be some work that they
have to do in order to trigger them to do this. ] | think it is a value system driven by departments
with different methods of assessment.

The above dialogue is initiated by Lecturer A, who reflects on the absence of communication with
the students. The conversation, however, shifts towards the participants’ epistemology of mathematical
learning (or theeoming to know mathematias inBurton, 1999: learning mathematics is better achieved

as a discursive endeavour. The participants then talk about one way they are trying to achieve this in their
department. The “interactive environments” Lecturer A refers to, are tables scattered around the corridors
of the mathematics department and available for students to use for group work. In the words of Lecturer
E, mathematics is perhaps epistemologically different from other subjects, and this should be taken into
account in assessing learning. This difference at times clashes with rigid university rules where lecturers
are required to asses students’ wpek individualtherefore making the encouragement of collective
students’ work very problematic. The collective work of two or three students is not seen as copying,
but it is seen as the best learning tool there is, perhaps even better than lecturing. Lecturer B further
elaborates the belief in the value of interaction in mathematics Neson, 2002p. 6 on the same
issue):

B: Yes, | think that there are several levels of language at work and students talking to each other is such
aone level. At an other level there is when the lecturer giving a class, maybe one to one to the student
who has come to the lecturer saying:“l don’t understand this question”. And there is a third level of
language that is a language that normally arrives first in questions like this one here and in texts books
as well. Now | sympathize with students that have troubles with this very concise language when
rather formal lecturers who sometimes speak to them in a language that is appropriate to a lecture
hall and not to one to one advice. It is not been informal enough. And something is happening down
among students in our undergraduate reading room where they are talking to each other and there i
akind...|don't know what it is, some vibe that they are able to tune in to each other to get to each
appreciate what is going on.

The reflections offered above by Lecturer B touch upon a theme that runs through the whole of data
collection: the varying roles of the language of mathematics. For him, there seem to be three languages
at work simultaneously, and each one of them fulfils a different need. First there is the formal language
of textbooks and homework questions, which makes the building of mathematics formally and logically
sound. Secondly, there is the language of lectures that keeps some of its formal characteristics and is aime
at exposing the material to students. Thirdly there is the informal language used by the students betweer
themselves, but also by the lecturers on a one-to-one conversation with the students, which appeals to th
individual intuition and should facilitate understanding of formal mathematical concepts. This difference
in language modeseems to be connected with the need of conveying concept definitionFalé&e

Vinner, 198} via the formal language of textbooks, and the need of creating suitable concept images,
via the more informal mode of language of a one-to-one interaction between student and lecturer. As for
the even more informal mode of language used in interaction between students, this serves the aim o
comparing and refining concept images of mathematical concepts. What Lecturer B seems to assert ir
the above extract is that all the three modes of language are needed and that the aims they serve cann
necessarily be interchanged.
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The views expressed here are not new. The debate in the education community on the strength
of group work as a learning tool in schools across a number of disciplines has gone on for
quite a while. For an example regarding learning mathematics in schools in the UK see the de-
velopment of theCognitive Acceleration in Mathematical Educati@theme by researchers at
King’'s College, London, for teaching mathematics at Key Stage 3 (for further information see
www.kcl.ac.uk/kingscollege/depsta/education/teaching/CAME.QtriVhat is interesting to observe is
that the acknowledgement of importance of interaction by these mathematicians (both intellectual and
social, as clearly stated by Lecturer E and as propagated by a number of writers in, for exdottole, (

2001 with regard to the teaching of mathematics at university level) clashes with what studies have
reported to be the students’ experiences of learning mathematics across the educational levels. For exam:
ple, in Almeida (2000) university students describe mathematics as an isolating subject, as opposite to
other subjects like English. In addition,Nardi and Steward (2003Jisaffected 13/14-year-old students
describe their longing for learning environments where doing mathematics is not a solitary task but where
collaboration with peers is actively encouraged.

3.2.2. Lecturing

There was wide agreement among participants that lecturing is not the format that best suits the
teaching of mathematics. Lecturer C exemplified this main shortcoming as follows: during a lecture often
students seem to “be nodding in the right points”, the lecturer then thinks that the point she/he tries to
make is “blindingly obvious” and moves on. When the students’ written work arrives, it is “gibberish™!
As Lecturer C puts it: in the context of the lecture it is actually “quite hard to judge what students find
difficult”. Despite their reservations towards the effectiveness of lecturing, the participants seemed to take
this format of exposition of material as given and did not discuss alternatives. Instead they discussed in
some detail ways to optimise its potential. Below, we exemplify their discussions in teffastifsto
improve learning through lecturing amzkesired Outcomesf lecturing.

3.2.2.1. TacticsWe use the terntacticsfor improving learning through lecturing iMason’s (2002)
sense, strategies for achieving short-term goals. In the following we offer two examples of tactics suggested
by the participants.

Using stepping stones to facilitate the transition from less to more complex iflessway of pro-
ceeding resonates withazzan’'s (1999heory of reducing the level of abstraction. In the example that
follows, the participants discuss it in the context of Analysis and in particular the convergence of se-
guences and series (s&ppendix Afor the text of the question). Lecturer E, who lectured the Analysis
course, describes his tactic to start with a series where the geometric sum is known: “I aspire to have odd
moments in first year analysis where thdyd studenfsmeet with something they know”. In his view
students will benefit from encountering something they already know when starting something that is
very unfamiliar to them, as, for instance, convergence of a sequence. Another of the participants, Lecturer
B, is skeptical about this approach as it may be seen as applicable only in the context of this particular
exercise. Lecturer E agrees, and remarks that this approach can only last for a limited time as “imme-
diately afterwards you part company with this sort of approach, this way of taking a series that you can
compute what the sum is”. The idea is that the stepping stone has two functimogmitiveone which
bridges the gap between calculating a sum and determining a limit; aafleative one that serves as
a confidence-building exercise in a topic seen as one of the most difficult in the first year of a course in
mathematics (e.glall, 1992 Tall & Vinner, 1981).
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The observations of Lecturer A in the context of Group Theory are very similar. In this case the
stepping stone is represented by group tables introduced at the beginning of the course, just after the
formal definition of a groug. This group table approach was introduced by the lecturer as a facilitator
concept: students cherish the idea of something which is “doable” in the midst of a subject that is very new
and abstract, and it is also only used at the beginning of the course. Of course, this approach is not free o
risks, the participants observed. The use of group-tables in Group Theory could give the false impression
to students that each table corresponds to a group (which is not the case for groups of order greater o
equal to 6) and also falsely encourage let them overlook other properties of a group such as associativity
(lannone & Nardi, 200R The lecturers demonstrated an awareness of these risks and acknowledged that
it is difficult to achieve a balance between wanting to support students’ learning by resorting to familiar
ideas and wanting them to perform the leap towards a new abstract idea.

Spell out for students the different roles of definitions and theorems and devise examples in lectures
which highlight logical reasoning skil3 In the participants’ view, students arriving at university lack
basic logical reasoning skilld@rdi, lannone, & Cooker, 2003Therefore, to successfully prove and use
mathematical theorems they need to learn to use definitions. In the context of an exercise involving the
Limit Comparison Test for convergence of series, Lecturer E suggests that “what | tryttreestidents
to do is to use the definition to guide them through the proof. So | can say the definition and where
there is ‘for all’ in my solution | say ‘given’ and where it says ‘there exists’ | must do a calculation and
construction so on. So the order is completely crucial”. Therefore, lecturers seem to recognize the need tc
improve students’ logical reasoning skills. On the same subject, again Lecturer E: “A very, very similar
example fo the one looked &is gone through in the lectures in great detail in order to try just to get them
to unpack meaning into. . to understand how do you witness a theorem'’s falsity”. To some extent this
debate on logical reasoning connects naturally with the widely debated issue of proof in math&matics.
Proof is one of the most highly topical issues on which the mathematicians reflected, but a description of
the findings concerning this is outside the aims of this paper.

Also connected to the issue of logical reasoning is the perceived clash of instructions given by different
courses, namely in pure and applied mathematics, in the same year. In the words of Lecturer E: “I mean
| teach them in the spring the derivative, and the measure of the slope, and this is the semester afte
they were solving differential equations” Therefore, “It is very difficult to motivate these quite difficult,
very rigorous proofs of what the derivative of sih(s, and that requires the definition of sth@nd so
on.” This issue of inter-university conflict is also extensively discussédgirtdi (1999)along side with
school-university conflict and intra-university conflict.

3.2.2.2. Learning outcomedVhile the tactics proposed by the participants generally aimed at achieving
short-term goals, they often also discussed more long-term desired outcomes regarding the learning o
their students. Among these is the acquisitiosldfls of synthesias Lecturer E discusses in the context

of an exercise involving the Limit Comparison Test:

E: Various things have been attempted. Jamofher lecturer at the same univergionce got themthe
studentpto write down, write out all the theorems, just statements of theorems in the Number Theory

4 For the first appearance of group tables in a Group Theory teX@seeside (1911)

5 See, for exampleBarnard (1995yvith reference to negation of logical statements.

6 See, for exampleSchoenfeld (1994 mention just one work concerned with proof and also with teaching and curriculum
change.
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course. It takes two sides of A4. And. some accepted that. One very interesting technique that |
have seen done is to get them to write down anything they like from the course, that fitted on two sides
of A4, hand it in, in advance, and then it is on their desk in the exam. And they choose what to write
down and they do it in advance. Fantastic thing! It makes them think through the course and think
what matters and think what they need to know.

This desired outcome connects directly with the second tactic we have described above. It is important,
in the eyes of the lecturers, that students understand the most relevant parts of a course, as this will
guide them through learning the strategies needed when writing a proof, or solving a problem. Hence the
implementation of a tactic that will fulfil this need.

Sense-making through a repertoire of exampidscture course, the participants frequently suggested,
should contain a robust set of examples to help students make sense of what they hear. In the context of
analysis, the mathematicians wish for the students to hawellox of examplesuch as basic analytic
functions, which they can retrieve when needed. For more evidence of the importance of tésdiee
Jaworski, and Hegedus (200%Yithin the discussion on the use of examples, the participants elaborated
how students should learn how to hantifeit-examplesWhat they seem to mean here is that students
should learn how to verify the validity of a proposition by considering what it implies in a limit-condition.

To exemplify this we refer to the words of Lecturer E in the context of an exercise in Group Theory:

E: The sort of thing you wish for is that they would have this robust set of examples in their minds
somehow so when they read something they can think:.welll could be a trivial group and G could
be anything. And in the light of that possibility everything | say should make sense. That is what we
really should wish for. [. .] | think that very few of them do.

We note here how this issue naturally connects with the development of logical reasoning skills discussed
in Sectior3.2.2.11tis only via a correct logical reasoning and a good understanding of the basic properties
of all the definitions and theorems involved in proving a proposition that the students can arrive at viewing
this in the limit-case, as advocated in the extract above.

3.2.3. Seminars and tutorials

The main point of the discussion on seminars and tutorials is that this is often the only opportunity for
interaction between lecturers and students. As the students are accustomed to the more passive role o
attending lectures, the lecturer needs to invent ways in which the students become more involved in the
seminar/tutorial process. One such way, suggested Lecturer E, is to ask the students to read a statemen
they have written down aloud in the class. In the course of doing so, he claims, students often realise
whether their statement is correct or not. The size of the class is a crucial factor in the success of this,
he continues: small tutorial classes are more appropriate than large problem solving seminar classes. As
the Datasets discussed in the interviews often contained transcript extracts from observed tutorials in an
UK university where one to one or two to one tutorials are the norm, unlike the typical 6+ size of classes
in most UK universities, class size was discussed extensively. Maybe surprisingly, the mathematicians
think that seminar classes of 15-20 students might be more effective than very small tutorial groups. The
reason is that the former, while allowing a reasonably intimate exploration of each individual student’s
ideas, does not become overly uncomfortable for students who would have to expose their ideas and
doubts in front of their peers as it might be in the latter.
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Beyond class size, orchestrating the interaction in ways that builds the students’ confidence is of
paramount importance. According to Lecturer B, for example, it is crucial to first hand out exercises
which will not be assessed. These can be discussed in the seminar “to build up” the students’ confi-
dence. The homework, which will be assessed, can then contain similar exercises to the ones seen il
the seminars. In his opinion this tactic helps the students not to feel intimidated by material they are
not familiar with and enhances the likelihood of the student actually engaging constructively with the
tutorial process. In the extract below Lecturers B and A highlight how the students are often less will-
ing to engage in the process, as they may not realise the potential learning benefits lying within such
participation.

B: You might catch a student in the aof Jearning in the seminar. One says, well, | make an appropriate
comment ..

A: Yes, there are various stages towards moving towards where they should be but whether if they actually
make a sufficient effort to reach that point so ththe[studenfsprobably say no. . there are other
obligations and we actually don'’t care.

As EN observes that part of a successful orchestration of the interactive process is to avoid the tutorial
becoming a ‘mini lecture’ and ensuring that the invitation to participate is absolutely clear to the students,
another element of successful orchestration is highlighted by Lecturer A:

A: Yes, you see, what we observe here is actually a degree of detachment from what should happen an
what the teacher wants you. intends the student, you know, to reachl. . .] and where the students
really is. And in most of these examples an additional nine days would have made it obvious that of
course this couldn’t have happened. So the way things are structured here is not in awaagon’t
have the time to so.. so there are out of sink. [.] But you see the seminar. the problem sheet is
written before you give the class, you write this in September and then you try to be there and then it
should happen but these things aren’t exactly.

Between planning and conducting a seminar or a tutorial often lies a period of weeks or even months.
The problem sheet is planned in advance, therefore without much tailoring to the needs of the particular
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distributed after marking (se&ppendix Afor an example of these notes). In the following we outline
the participants’ views on these issues.

3.2.4.1. The choice of questions to appear in the homew®@rie of the primary reasons for including

a question in a problem sheet for Year 1 students, the cohort that most of our participants had teaching
responsibilities for, is: in what ways does this particular question foster the skill of mathematical writing
that Year 1 students need to acquire? By this the participants mean both writing using the mathematical
symbols correctly as well as writing in full sentences and with explanations. One such question, for
example, required that students translate the symbolic statement of convergence of a series into a verbal
statement and write its negation. Lecturer E (who set the question) explains the rationale behind it:

E:. They have to get used to it. To negate the statemeydu can algorithmically negate changing there
exist with for all and so on.. And then you come up with a very weird statement, not the sort
of statement you can actually reason with effectively. You need to modify it by resort to its actual
meaning. So the classic one in analysis is to say fhere isn such that for alh bigger thanN this
implies that, let's say. And how do you exactly negate that? Well, if you negate it formulaically you
end up with the kind of statement that is correct but it is not useful and it is not what you are going to
use. You have to think: what does this mean now? And then write it down in words there are arbitrarily
large such and such where this is smaller than that or bigger than that, or whatever. #rete is
just no way around it. You have to be fluent in both facets of the language of the underlying meaning,
and that is just hard. And the idea that one could do this entirely symbolically or entirely not symbolic
I think is just mistaken. The meaning has to be in their heads and they have to have the ability to write
it in words and in symbols and jump between them. And | don’t see it very widely, | wish there was,
to be honest. It would be marvelous if they all did it.

A: And when students are fluent. which of the two languages do you think, let me just say, when they

are more confident, towards which of the languages would they gravitate to?

: Idon'tknow...[...] they have to use both.

Yes, but then which one would they then use because they are more at ease with it?

: I don't know. .. A mixture, they have to use a mixture. You just can’t.leteven at this time they

can’t write their mathematics purely verbally or purely symbolically, they just can’t. And we can't.

B: We are trying to persuade the students of something, are we? We are trying to persuade them that not
all formulas are valid under all circumstances. Writing down the elements into a rather restrictive set
in order to get the statement to be true is important. In a sense we are trying to get them to use the
symbols in order to make sure that they are specifying the sentence in an unambiguous way.

m > m

In the context of using mathematical symbols the participants observe lack of precision and confusion of
meaning. Again Lecturer E refers to one of the desired outcomes of lecturing: students need to learn to
reason logically and need to learn to do so both using symbolic language and verbal lahghagesd,

1990. But above all they need to have acquired possession of the “actual meaning” of the statement they
are trying to express. In the above extract, mathematicians are referring to symbolic language (of the
type of definition of convergence, say) rather than to the symbols which represent process and concepts
(Gray & Tall, 1999 as, for example, an integral &) for a function ofx. Therefore, their observations

are more in the realm diteracy in the language of mathemati@ullock, 1994. The choice of speech-

mode (verbal or symbolic) to adopt is crucial for the successful solution of a mathematical problem.
Interplay between these two modes is not replaceable by using one mode only, as again Lecturer E
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asserts in the extract above. Finally, Lecturer B offers the rationale behind it: students have to learn the
rules of logic as these regulate the use of symbolic language. But they also need to learn how symbolic
language helps to make unambiguous statements. It is interesting to observe how this connects witt
the remark by Lecturer B reported in Secti8r2.1 There he considered the three levels of languages
which are needed to teach and do mathematics; here he reflects on the two facets of the formal language
the verbal and the symbolic. We siyrmal language because it appeared from the interview that the
mathematicians were talking abdotrmal verbal languagef the type of, for example, replacing the
universal quantifiers in a definition of convergence with the words “eventually” and “arbitrarily” in a
formally determined way. Here Lecturer B is making clear the need for a teaching agenda to stress the
importance of formal language to students: formal symbolic language is needed to avoid ambiguity in
meaning.

3.2.4.2. The purpose of homeworks highlighted in Lecturer A's ‘detachment’ comments in the Sem-
inar/Tutorial section above, it is crucial that teaching is tailored to the needs of the students. Doing so
involves primarily understanding what these needs are and a scrutiny of the students’ regularly submitted
written work is a major resource for this task. Lecturer E elaborates on this role of the homework and
contrasts it with its more conventional perception as an assessment exercise:

E: I think there is a huge problem with the idea thatthese sheets are, you know, | never understood
why they used them to.. attain marks where in fact we want to use them to teach mathematics.
These are two completely different things. We use them to obtain marks, to test knowledge and to
teach mathematics..[.] To me itis sort of absurd, when I think what the intent behind a question like
this is, it is absurd that this student gets two out of ten and this student gets seven out of ten and that
is carried forward to their marks in the course. That is absurd. The three out of ten person has done
a fantastic job, they observe that they don’'t understand this so we have an opportunity to teach the
maths, and maybe they should get the seven!

Therefore, for Lecturer E there is an in-built contradiction in the function of homeéwaslsimultane-

ously a tool for formative (identifying students’ needs and modifying one’s teaching accordingly) and
normative (assessing students’ progress) assessment. In his view, the presence of questions or an incc
rect statement in the homework are in fact the most productive ways of understanding students’ needs. A
student who introduces a question is to be rewarded as she/he has given the lecturer the chance to “ver
efficiently teach”. Here again we notice the conflict between strict university rules and the epistemology
of mathematics as perceived by the practitioners. The mathematicians feel that a mistake in the solutior
of an exercise allows them to respond to students’ learning needs and should not be penalised, as th
homework is often the only way to communicate with students.

3.2.4.3. Marking the homework and producing notes on solutidihg participants see marking the
homework as another opportunity for establishing a dialogue with students; providing detailed written
feedback, a tactic also strongly advocatedvgson (2002)is to them the “second best” thing to face-
to-face interaction with the student. Students also seem to appreciate an elaborate response — and, :
Lecturer A puts it in the extract below, a response in the seminars that reflects the lecturers’ understandinc
of the students’ “collective errors”:

7 |dentified in the relevant literature such\A&lliam and Black (1996)
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A: In the third year class | have done something that is maybe connected to what you want to
investigate. | mean, | found out that the types of errors are often rather different from what | think they
would be. So as | haven't written the model solutions or suggested solutions, while in the past | would
have done this before | look at solutions. Now | do it afterwards. And now | see that the students out
of the sudden realise that [] in some way | am responding to their collective errors, and they rather
like this.

E: And they appreciated it.

A: You see because it is not that | am just sayingit is not a question of a model solution. it is a
response to what they have done.J And it worked quite well. Is not a lot more work.

E: | can remember that as an undergraduate. The solution sheet back that said “I am surprised to find
that most of you found this question quite difficult”. And it was a rather nice thought, that you were
actually. .. in a class of one hundred or something, you were actually in dialogue with the lecturer.

B: And students learn that other students have had the same difficulties.

The participants — see also their comments in the Seminar section and previous Homework sections —
are adamant about the value of tailoring the presentation of notes on solutions, written by the lecturers
and handed out to the students after their homework has been marked, to the students’ needs. They bacl
this belief with the positive response by students, and with their recollections of their own experience as
students, where this dialogue based on catering for individual student needs was highly appreciated.

3.3. Representation of abstract mathematical ideas in concrete terms

Induction into the genre speech of university mathemaBedkljtin, 1986 involves a transition from
concrete (often originating in the students’ school mathematical experiences) to abstract mathematical
ideas. In resonance with extensive literature in the field (gal, 1991, the participants in this study
referred to this transition in a variety of contexts and as an issue that their teaching needs to address
constantly. Here we present briefly two of the strategies proposed by the participants to facilitate this
transition: numerical experiments and educational technology.

3.3.1. The role of numerical experiments

The participants’ perceptions of the role numerical experiments can play in the process of understanding
new concepts or solving problems or determining the truth or falsity of a proposition varied according to
mathematical specialism. In the extract below Lecturer E discusses the roles of numerical experiments
in the context of Analysis and in particular with reference to identifying the limit of a sequence:

B: Sure. | mean.. In some sense one is very, very constrained.byust the subject, the nature of the
subject pnalysig. But I try ... | mean one thing that | try and get them to do which again they
are very resistant to, ironically, is to do numerical experiments. What is a reasonable way to guess
the limit of a mysterious sequence? Evaluate it when n is very large. This is not a proof but it is a
very reasonable thing to do. They will not do it and this year | have forced them to do something
on Sterling’s Formula numerically, in a situation where they have.ntt doesn’'t matter how much
A level maths they know they have no tools at their disposal except numerical and they have to use
numerical deliberately.

B: Can | follow that up? Three students that must have been on that course for which you set that work
came into my office out of the blue and showed me the question sheet and | saw what they needed
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to do. It was an exploratory type question and | said to them that the way that | thought they should
approach this is to go and explore. Take a table of values, | think inlWassee hown! grows and
compare it with the thing that has been suggested in the question. Hence they suddenly .redlized
think that they suddenly realized that this was an open-ended thing. And then as usual they think they
would be expected to using the symbols in the question to somehow conjure up an answer.

E: Butthattoois something that they have great difficulty with. When they sealittlehis is potentially
a number, an actual number. That is not obvious to them.

So numerical experiments are proposed by the lecturer as a way students can use to get “the feeling” fo
the behavior of limits. The interesting observation here is that, in the experience of these lecturers, student:
resist this approach, and this remark might potentially open up the debate about the use of open-ende
questions in teaching mathematics in school. It seems to be the case that students resist this approach,
they are not used to it. In the words of Lecturer B students arrive at university believing that solving a
mathematics question consists in rearranging “the symbols in the question and conjure up an answer”
Therefore, getting them used to look at open-ended problems can be very productive to develop their
skills of intuition.

Not all our participants agree upon the usefulness of numerical experiments. Lecturer A, an alge-
braist, has his reservations as to whether their value extends beyond Analysis or maybe Physics: Lecture
E, an analyst, disagrees and says that even in research, mathematicians use examples, “This is wh
| do, anyway.” Lecturer A agrees, but “only if it creates structure insight”. He then offers his experi-
ence “as an algebraist”: computations only help verify parts of a conjecture. Lecturer E now stresses
that there are things that can only be approached with computations in a first instance, like Sterling’s
Formula, and using a tool like MAPL8can help create insight. Lecturer B, an applied mathematician,
agrees with this and suggests that using these tools might prompt the students to search for a rigorou
explanation. Lecturer D, another analyst, adds that the danger of this is that the students might think
computations are all they need. Lecturer A is still not convinced. “Personally”, he says, “I do not want
to see the asymptotic behavior of even if | deal with it all my life!”. The tensions evident in this
extract of conversation were typical across the body of collected data and were particularly intensi-
fied when the participants were discussing the role of visual means (e.g. graphs, tables, diagrams, etc.
in learning mathematics. We return to these tensions in the context of examining particular examples
of student writing elsewhere (for updated information k#p://www.uea.ac.ukfm011), but we offer
here a glimpse into this wide and fundamental issue with reference to the participants’ views on the
use of educational technology as a facilitator of the transition from concrete to abstract mathemati-
cal ideas. Of course the use of IT is a well-researched and topical area that we touch on only briefly
here.

3.3.2. The use of technology in first-year mathematics

The participants referred to educational technology mostly in terms of graphic calculators and more
advanced mathematical software. Often resorting to technology is the only way to gain mathematical
insight. In the example below, the students were invited to gain insight into Sterling’s Formula by using
the software MAPLE.

8 MAPLE is a registered trademark of Waterloo Maple Inc, details of this computer algebra system may be found at
http://www.maplesoft.com
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E:. Ah, and thatis a different type of thing. | have seen these sort of thimgpliing calculatorkand that
is very different to me. That somehow one needs a mechanical device to convince you that one over
root nis small when n is large . This problem pn Sterling’s Formulawas deliberately designed for
things. .. where you. .. you have to have no intuition about the size of this thing. ThatVithout
MAPLE they can’t do this. There is nothing they can do on paper that will help them. And then | think
the machine has a very valuable role. | meanThat is what computers are for. No to let them do
analysis after a lobotomy. Is to let them explore expressions which you canngaiu cannot deal
with by hand.

B: And it belongs to the experience of the students seeing some very nice convergetit will
increase their mental store. Ask them to draw mental graphs that has some intuition | would hope it
would be extended. . Was that part of what you were trying to do when you set that question?

E: Well, | wanted to just encourage them to see that] [you can compile evidence that goes into
informing your judgement and . And of course historically, in empiricism, [.] this is exactly what
was done. This poor chap, Sterling, had a great deal of numerical evidence towanti&it he ends
up with.

The use of mathematics software is seen as very productive for the students. This will help them in
“building up their mental store” (in the words of Lecturer B). Again suspicion towards educational
technology, for example, in the form of graphic calculators, came from participants who seem to prefer
leaving things to imagination or the eye of the mind: as Lecturer A says, “If | have the behaviour of a
function in my head, then there is no use for the graphing calculator”. His concern, in resonance with
Lecturer D’s reservation in Sectidh3.], is that these numerical investigations might create confusion
between proof and evidence. These tools should help “create insight” but he doubts they do, and the
students should be better than the calculator: “I must be actually better than the calculation, | need to
prove why the outcome is correct”. Overall, however, the majority of participants seemed to agree that
technology, appropriated away from “doing Analysis after a lobotomy”, can certainly be used for the
construction of valuable mathematical insights.

Diversity of views, often amounting to downright disagreement, among the participants — as evident,
for example, in the last two sections — was striking across the whole body of collected data. As this
diversity often became the trigger for heated debate, the conversation became a very vivid showcase of
the participants’ views, which is what the data collection of the study primarily aimed at. These debates
became possible because of the Focus Group Interview design of the study as well as the capacity of
the examples in the Datasets to fuel debate and allow controversial opinions to surface. Apart from the
design providing substantial accgss the participants’ views, attitudes, beliefs, etc., it seems to have
fulfilled other functions too. In the concluding sections of the paper we turn to the participants’ evaluative
comments on participation in the project in order to address what might be seen as the substantive
contribution of the study. For most of them, this was their first extensive collaboration with researchers
in mathematics education, and towards the end of the study (Cycle 6 of data collection), the discussion
revolved around the fragile, yet crucial relationship between mathematicians and mathematics education
researchers. Elsewhemggrdi & lannone, 200¥we describe their views in terms of obstacles and desired
characteristics of this relationship, and of potential benefits for mathematicians who engage as educational
co-researchers. Here, we exemplify these views by briefly outlining participants’ statements with regard

® We consider the design to be part of a methodological contribution of this study.
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to the impact that participation in this study had on the raising of their pedagogical awareness, both in
terms of the ability to articulate pedagogical reflection (Secfipand in terms of pedagogical practice
(Sections where we also summarise the participants pedagogical insights as exemplified in S&tion

4. Mathematicians as educational co-researchers: an opportunity for articulating pedagogical
reflection — an example

In the Dataset for Cycle 6 the participants were offered transcript extracts from their own interviews
from Cycles 1-5 for commenrif. The encounter with their own “spoken word” prompted the following
comments by Lecturer B. In the world of mathematics, he says, it is only the written word that has high
status, whereas the spoken word is “kind of transitory”. The experience has made him more sensitive
towards the “spoken word” he offers in his teaching:

B: And another thing.. | have become much more conscious about the spoken word. What | can say
can have an impact, saying the right thing at the right time when you get one opportunity to introduce
the students for the first time to how mathematics works and not fluff the line. That | think has made
a big influence on the way | lecture..[] Well, it has a little bit to do with being a bit. . introducing
silences into my lectures while | am writing on the board,][to help build up to a sentence.

C: Itis something that we have talked about. We both go to extremes of lecturing. | don’t allow any silence
atall; I just gibber while I am writing things on the board while Lecturer B takes long conscious silence
and comes up with a gem of a sentence. But these are two extremes.

Therefore, our participants, through facing their own spoken words transcribed on paper, reflect on the
significance of their own spoken word in teaching. In this sense, one aspect of the participation in the
research process has become an opportunity for reflection on their own practice.

5. Mathematicians as educational co-researchers: an opportunity for reconsidering
pedagogical practice — an example

The participants appreciated the opportunity offered by the study for reflection upon pedagogical
practice and repeatedly stated that such opportunities should be more readily available to university
mathematics teachers (e.g. through appropriately content-specific training courses for new and in-service
lecturers). They also recalled with appreciation past but disperse experiences of implementing teaching
innovations and expressed their concern that the two communities, of mathematics and researchers il
mathematics education, have not built sufficiently robust and mutually respectful channels of commu-
nication that allow research findings to inform practice (Alggia, 2003; Mason, 2002; Sfard, 1998
Building on the goodwill, enthusiasm and trust generated during this and our previous studies, we are
currently planning a study which will engage mathematicians in a collaborative consideration, imple-
mentation and evaluation of reformed practice.

We believe that many of the observations regarding the teaching of mathematics at university level
offered by the participants in our study would not necessarily sound new to researchers in mathematics

10 The ones used iNardi and lannone (20034 conference paper written in the earlier stages of the study.
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educationwho are typically well versed inissues such as communication, interaction, catering for students’
individual needs (Sectio®.2.]), facilitating the transition from concrete to abstract mathematical ideas
(Section3.2.2, etc. The novelty and the value of the enterprise reported here, considering the comment
above on the necessity to build bridges between the worlds of mathematics and mathematics education,
resides in the fact that these observations originate totally from the practitioners of mathematics teaching
themselves. As such, the aim of this paper has been two-fold: to introduce us to the pedagogical views
of practising teachers of mathematics at university level and to offer an example of a type of the highly
needed collaboration between mathematicians and researchers in mathematics educatjprstiblas
mutually appreciateéndeffective
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Appendix A

In this appendix we wish to exemplify the data analysis process. We will show the transition from
excerpts of students’ writing to Episodes and to Stories. Consider for example the second cycle of
data collection. The theme for this Dataset was “Mathematical objects I: the concept of limit across
mathematical contexts”. One of the questions included in the DatasetRigasA(1), where we also
include the lecturer's Notes on Solution, distributed to the students after marking was complete:

e The students’ responses included in the Dataset are reporfégsinA.2 and A.3
e The participants were asked to consider the following issues prior to the group interview:

Examples of issues to consider:

1. The choice oN. As in the examples above many students cirsd/s? instead of 142 + 1. What does
this demonstrate with regard to their understanding of the inequalities and quantifiers in the definition?
What evidence do we have about how students decide &ibut

2. How do students interpret the request for ‘writing out carefully the exact meaning’dh the
guestion? Verbally? Symbolically? What do their choices imply with regard to their understanding of
a formal definition?

3. In the above examples, the use of the definition of convergence is, for starters, adequate. Do your
experiences with your students suggest otherwise?

The following interview transcript excerpt forms one of our Episodes. It refers to the above question and
examples of student responses. It covers the period 7m 31 sto 11 m 26 s of the first part (1 h 43 m) of the
interview for this cycle.
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Question

(a) Write out the exact meaning of the statement: "the sequence (a,) converges to A as n —e",

(b) Prove using (a) that the sequence b, = 1 + 1/2 +1/4 + ... +1/2" converges to 2.

Notes on solutions

5. "The sequence (a,) converges to A as n —eo", means:
Ve > 0 3N such that n=N = | a, -Al<e.

6. Given any €>0, chose N=(1/¢* )+1. Then:

n>N = n>(1/e” ) = 1/vn <e.

On the other hand

| a,-2|=1/4n

s0 we have shown that

n=N = | a, -2|<e

which proves that a, converges to 2 as n —oo,

Fig. A.1. One question from the second cycle’s Dataset, accompanied by the lecturer's Notes on Solution.

: I was a bit disappointed with this answer because the students are missing the poiritdge that

.. carrying out some machine to. for the specific solution that has been applied to this problem.
There are cases when you can do that

. They are asked ta .. What else are they going to say? They have got to do somethifidney are

They could be approaching a problem where you couldn’t do a solution in this way

. Ah, well ... of course, but.. if you are asked to prove that this series converges to 2 you have to

know how to summit it.
Yes, there is a difference between having understood and

. Yes, you have to.. which you can prove by induction. If they had to show convergence then of

course they could have done many things.

. Yes, but | was concerned that the student thoughtidhatas a number, and hence to be worked out,

or a function and somehow this had to be shown explicitly to be converging to two in order to give
the complete answer.
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Fig. A.2. The response of student N (from the Dataset).

: But I think. .. Ithink ... How on earth can you prove. But how can you prove that the series is
converging to something .

. But. .. at this time they don’t know about Cauchy’s sequences
: No...no...no.
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b a) {{y\eseﬁ‘;mm (an) Convecges ol a5 0.0

pﬁﬂ Agpraades ik (dj 5 auths)
Mblh'ﬂﬂb close b A (fj uy

ey, I ash = lcm/,.:e
b a,:ltg =1 (a2}
Rar €20 chose N o _‘f M 13N

Flagl - ¥ Q' <E.

‘ﬂ‘“‘&ff a —"92

a

Fig. A.3. The response of student MR (from the Dataset).
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E: No!
(all laugh)

D: But even if they did. .

E: But even if they did they somehow had to prove somewhere you need to cheat you need to
know the formula for the geometric progressionor you need to prove it by induction. Thiat — 2
equals this, which you can get.

(0Oh9m9s)t

D: And they did it on sheet one this year. Question 1 this year of sheet one was to show that that sum, by

induction, is that.

Yes, but | was picking on the lines where if you had and answer many have found this sum and if you

were given one that was converging, could you confirm that it is converging to that sum?

No, no, in general of course it would be completely helpless.

Ok, then | withdraw my comment.

Of course | think they have the formula wrongbut that is not so relevant!

[ think itis ...

Shouldn't it ben+1? Anyway. . .

1—(1/2) all to the powen+1...

No. .. Infact actually | mean, this is. . this is something that | use deliberately. That | aspire to have

odd moments in first year analysis where they meet with something they know. So | view this as

the first few lines of this. . | view as something they know. In that they have seen it in the induction

thing. .. and they have seen it at school. They will deny it but they still have seen it at school.

D: They actually have done this question?

E: They will confess under duress. And also itisl don’t know.. . itis. | am just... there is so little
manipulative algebra in analysis which they are glad to do it when they can.doriéassuring them
... and there is so little of it. . early on that | like to have some problems like this where they can
feel they have done a calculation of the sort that they would recognise as a calculation and then it all
goes to what they see as madnesst's nonsense. . and. .. So, | mean .. possibly there should be
even more of these things. But it is artificial, | mean, Lecturer B is right. This is the one example
where you can do this. And immediately afterwards you part company with this sort of approach, this
way of thinking a series that you can compute what the sum is argkt closed almost to them.

w

mom®mwom

This was then transformed into a narrative accounttoryas we have called it in Sectid). The two
authors produced these narrative accounts independently. Below we present the narrative account writte
by the first author:

Narrative account from the Episode reported above, from the second Cycle of data collection.

Lecturer B says he is a little disappointed as he feels students are using some sort of machinery withou
understanding why, and this machinery will work only for this specific example. This strategy would
not work for other more general examples. Lecturer E says that in this case they are asked to prove tha
it converges to 2, so they need to know how to sum the series, and if not they could prove it by induction.
Lecturer B is still skeptical as he is concerned that the students thouglt,tissd number “hence to

1 The numbers in brackets are time codes: (h m s) = (hours minutes seconds).
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be worked out”. Lecturer E points out that otherwise you cannot solve the problem, and EN adds this
is because they don't know about Cauchy sequences. Lecturer E observes that even if they knew about
Cauchy sequences they would need to know the sum of this series, and Lecturer D comments that it was
on the previous exercise sheet this year.

Lecturer B is again not convinced and points out that this strategy doesn’t work in general. Lecturer E
agrees with this: he observes that the student has got the formula wrong, but it doesn’t matter. Lecturer
B then concludes “Ok, then | withdraw my comment”. Lecturer E now explains the rationale behind this
exercise: “That | aspire to have odd moments in first year analysis where they met with something they
know”. And they have seen this sum in school, even if they will deny it. It is all done to reassure the
students that they can actually do something this early on: “I like to have some problems like this where
they can feel they have done a calculation of the sort that they would recognize as a calculation and then
it all goes to what they see as madness”. He agrees with Lecturer B that this is somehow artificial: “And
immediately afterwards you part company with this sort of approach, this way of thinking a series that
you can compute what the sum is”.

Analytical triangulation through consultation of the two narrative accounts followed, as did agreement
on the story’s ‘main focal points’. In this case these were:

1. Teaching practice: Lecturer E thinks that it is productive to show the students something they can do
this early on, even if it introduces a strategy that is not going to work in the long run. It is in some
sense a “confidence-building” exercise.

2. Not everybody shared this view and Lecturer B remains unconvinced.

Further scrutiny of the narrative accounts led to the classification of the 80 Stories in the 5 categories
described in SectioB. The above story was placed in Category 2.
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