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A. Research Perspectives on Teachers and Teaching

A.l. Pedagogical Perspectives of Mathematicians é&troof and Proving

Paola lannone p.iannone@uea.ac.uk
Elena Nardi,e.nardi@uea.ac.uk
University of East Anglia, Norwich, UK

In what follows you will find some extracts fromethnterviews with the mathematicians. The
participants are indicated by capital letters, ititerviewers are indicated by the letters Pl and EN
Before the interview data we include the examplestudents' work that the mathematicians were
commenting upon.

The exercise in question, included in the firstry@asic Analysis and Algebra course, was:

Exercise 1:Write out carefully the meaning of the statemeihe' sequencea, converges t& as
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In the following extract the mathematicians discusshe students’ work.

E: And this is difficult because we are not coresist.. | mean | try in analysis to convey the idea
you like, that by definition the last line of theopf is the definition of something. And that view
is not ... that approach is not viewed across th@mework. So a question that says prove... and
the majority of that questions that they see inrthemework ... that does not mean that the last
line of their solution is the definition, the statent that came in the second line of the statement
that begun with prove. And that itself is a difficidea and is one of the things that first year
analysis should be teaching them. And on the dthad, yes, | mean it is not ... of course that is
not how we do mathematics and that is not how ttaeye done mathematics so ... it is difficult.

EN: | think my concern here is even more basic that Closer to what you were saying earlier, it
is about: do they see that that mechanism thalefirition is proposing says something about ...
that very simple thing about ... that goes somew/herthat set of numbers goes somewhere ...
converges to something. ...

A: 1 would go a little bit further | think what ..] mean, what worries me in this is that | find it
myself is that | find it very difficult to work wit statement which have quantifiers over two or
three quantifiers ... So the only way for myselfhich | can unravel such things is that | have
to build up a mental picture by which | know, dkistis going to ... this is what is going on. | am
looking for the longest of all shortest paths igraph or for all shortest longest paths in the
graph. And you see that these are horrendouslicdiffthings. Now if | just work with these
longest shortest or shortest longest, just a diffeexample, 1 do not know what | am talking
about, unless | have a clear picture. So whenntesoto convergence | think that the primary
notion for the students is asking that no matteatwtspecify thed region about the a, from a
certain point onward everything fits inside thisxb8o ... So | would say unless the student has
that, has the primary way of thinking about it @nd then formalized by saying, yes, for every
widths of the box there exists a cut off point frevhich onwards the whole thing sits inside ...
Unless that is the direct connection between im#égasyou have and formalization | think you
are lost. If you just are juggling arouaénd othen it is a completely unworthy process. | don’t
think that this would ... Very unworthy attempt base it leads people into formalistic nonsense.

E: But it is very interesting. | mean ... One of things..... one of the things | that we do is that we
write these definitions many times and the sentence. The words | use are arbitrarily and
eventually. So arbitrarily and whenever we meantrandy is for all ... and eventually is there
exists ... And | checked some of them and theytderite down the words in the lecture notes,
they write down the definitions. And they don’t teridown this irrelevant waffle.

D: Some of them do ...

E: | have tried many things ... | have used colaredlk sometimes for grouping the pieces of the
guantified sentence. This is the bit with arbitsaand this is the bit with eventually ... and so o
It is difficult ... it just is very hard. | meaihé other striking thing is that if you talk to sado
and third year students, it is not done in any rddie fashion, but informally, they
retrospectively understand this, to an amazingréxteAnd we have relatively ... | mean, | have
... | will not name names but maybe | should .e ofthe charming postgraduate tutors on this
course to help his students had written out a absefrt of verbal explanation of what this means
and he thought he showed it to me first and thahwas wrong! Just wrong. And it took a long
time to make him see why it was wrong. And he sthotlbe embarrassed because there has
been a long correspondence a while back in the ANt#es between professional
mathematicians with wrong definitions. So he shat t.. the amount of what he said is that the
amount that you get this means that you get clastiris number, which is just wrong. And ... it
is just a hard concept, a very hard concept. Aach very keen on verbalizing it, geometrizing it
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and making pictures of it and as long as they 8i@yside of the line of correctness. And there
are published analysis books with the wrong ded@inibf convergence, just completely wrong.

A: And that is just actually ... | mean...what Ined to say ... | would like to talk ... sort of
guantifiers ... this working with intuitively geaatric pictures when it comes to convergence is
something that is very private: some people wokk lihis and some don’t. And | can well
imagine that there are students that can work atosiging of quantifiers they just do what they
are told. You can view this as the recipe, youaamhis, you do this and you do this ... You just
follow the steps. And in some ways they are saémabse there is not, you know ... they will
not make mistakes as long as they are technicallygdhe right steps. So, you see, this depends
on how you can think about mathematics and weralld#ferent in how we can see this things
and how we can work with it.

E: Sort of ... | push very, very hard number linést they should draw number lines, have pictures
and so on ... but | also push hard, later or'¥ou see, no human can have a ... good intuitive
geometrical or pictorial view of what the statem&he series does not converge” means, for
example. | don't think ... Or say certainly noeoten have a geometrical view of the statement
“this function is not uniformly continuous”, letsay.

A: Do you get the sense that using quantifiersyasbsls is often not so productive? | mean | for
instance, if at all possible, | will hardly evereua quantifier when | write things down on the
board because it kills the sentence. So | rathétewdown for all ... something happens if
something else happens and so on, so that at ththey get the sentence in English ... Because
you know ... | know, but | mean in the algebra that ere discussing last time there are still
people, students, who have disjoint bits of soitholuights somewhere, where it is not still clear
how to go from here to there with the various img@lions and so on. And somehow this
encourages students, you know, where you can #ticigs together so the students who is
maybe not clear what he has written down can getydwping that somebody will decipher it
correctly. This is the thing that students thinklto...

E: Yes
A: While if it was a sentence in English there isrsmencouragement to ...

E: Yes, | guess ... | mean in something the powesymbols is something that they learn to
manipulate because to encourage them more algacithings. So for example the negation of a
guantified statement | think is much easier as livldefinition. Because it is an algorithm:
you replace for all with the exists, you replace #xists with for all and then you get a statement
and that is the algorithm. Yes...

A: Exactly ... | am interested in the evidencenirthe students ...

E: But there is always also this poor looking ¢hthat somehow... is not automatically what they
are most comfortable with, what pushes them furtberards what next they need to do. And...
It is stunning to see ... A sequence convergemnwh. And one of the things that | would give
as aspiration for the course is to learn to vieat th. to view that as the same somehow ... is a
fluency that is required ...

EN: Yes | think that this interplay between therdgand the symbols that is in your suggested
solution you are asking ... | think is somethingttlyou know, you want the students to aspire to
and achieve at some point ... | mean, somehow Haxe to see the symbols as compact
compressed, part of this occurrence of meanings,thiis is actually a useful thing to have, not
an obstacle to understand. That is a problem aidoaegrtain groups of this example that they
somehow ... they see this as a burden of mathesnatit actually as a useful part ...
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E: | think this is a wide problem particularly pure maths. The process of pure maths as it
proceeds invests more and more meaning in purepargt symbols and so you end up with this
capital K subgroup stuff, let's say. And, you know, you daerally write down a one-line
statement that would take ten years to explain. #ad is very unfamiliar for them. They think
that a calculation that is twice as hard is muctgér and the integral is twice as difficult if i
twice many steps in it. And a differential equatibiat is twice as difficult has twice as many
steps in it. And ... whereas this is just not a®pnathematics is written.
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A.2. Pedagogical Perspectives of Secondary Matheres Teachers on
Proof and Proving

Irene Biza,i.biza@uea.ac.uk
Elena Nardi,e.nardi@uea.ac.uk
University of East Anglia, Norwich, UK

The tangent task:

e pontéc katevbouvong g I Avkeiov 060nke n akdAovOn doknon:
‘Na g€etdoete av 1 gvbeio pe eEiowon y=2 givar epomtopévn g YPOPIKAG TOPAGTUONG TG
cuvaptong pe tomo f(X) =3 +2 .

Avo pobntéc £dmoay TG TOPAKAT® OTAVINGELS.

MoOntig A:
‘Qa Bpo ta Ko onpeio g evbeing Kot TG YPAPIKAC TOPAoTUoNS ADVOVTOG TO GOGTNUAL
y=3x+2 [3%+2=2 [3=0 ([x=0
{ y=2 Q{ y=2 Q{ y=2 C}{y=2
To koo onueio givor to 4(0,2).

H egvbBeia sivor epantopévn g ypapiknig mapdotaong oto onueio 4 yati €govv €va pévo Koo
onueio (to 4).’

MoaOntig B:
‘Agv givon n gvbeia gpamtopévn ™G YPOUPIKNG TapdoTacng yoti TapOlo mov £)El Eva KOO
onueio ™ damepva 6to onueio avtd, OTOE Poivetol 6To oYU’

422

a) [Toog Bempeite 011 €ivar 0 6TOYOG TG TAPATAV®O AGKNONG;

B) Mg epunvedete TIc emAoyEG OV €kAvVE 0 KAOEVAG 0O TOLG TOPATAV® UaONTEG OTNV ATAVTINOT
TOV.

v) Tt oxdMa Oa kévate og KAOe Evo 0md TOLEC TAPOUTAVED HOONTEG OYETIKA UE TNV OTAVTNGT TOL
£0MO0E;
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I'PAIITEZ AITANTHZEIZ! TOY ZITYPOY KAI THE ANNAZ

2IIYPOX

o. XTOY0C €ival M amocaENVIo TNG £VVOLOG TNG EPOTTOUEVNG YPOPIKNG TOPACTAOCNS KOl TOV
paOnpoTicoy opiopon Tng.

B. O Tp®dTOC HOBNTNG GLYYXEEL TNV £VVOLOL TNG EQATTOUEVNG O YPOPIKN TAPAGTACT], LE TNV £VVOld
™G EQOTTOUEVNG GE KOKAO (1] KOVIKT TOUN YEVIKG). ANAadT] «€vo ndvo koo onueio». AALG Tov
e&nyodpe:

O devtepog pabnmge ovyyéel to «droctntikd» optopd g ePantopévng («yAbee» ™ Ypaeiky
TOPAcTAcT) HE TO HoONUatikd opiopd ™. (Qotdco pepikés eopég ta Mabnpatid Epyoviat o€
avtifeon pe ) dwicnon m.y. NI KAT.)

2y6aa: Kot ot 600 pobntég oev £x00v apOUOIDCEL TOV HOONUATIKO OPIoUO TNG EQATTOUEVNG OE
YPAPIKN Tapdotact. Avtifeta £xet 1oyvpomondel péca Tovg po AovOasUEVT avTiAny.
Xpetaletar Aowrdv vo avatpEEov e 6TOVE AGYOVG TOL 0O YNOAY GTOV GUYYPOVO OPIGUO (Y. oo T
DvGIKN KAT.), Kot VoL SMGOVUE TOALG TOPOUSETYLOTOL KO OVTITOPOSETYLOTAL.

Telkd Bo mpémer va 0dnyodUE TOVE HOONTEC GTO VO OEKTOVV KO VO KATOVOT)GOLV TO LOOMUATIKO
OpIGUO.

ANNA

a. O o16y0¢ TG Mopamdve aoknong eivor o va Pfondnoet tovg pabnTéC vo Kotavoncovy 0Tt
EPATTOUEVT] TNG YPAPIKNG TAPACTAONG UG cLVAPTNoNG Ogv givar omoladnmote gvbeio €xel 1
KOWO ONUEID HE TN YPOOIKN TOPAGTOCT TNG SLVAPTNONS. Me TN GLYKEKPEVT AOKNO™M Ol
paBnTég o Katavorcouy KaADTEPQ TNV EVVOLNL TNG EPUTTOUEVC.

B. Ocwpd 011 0 A ua@nmg SXSI Katovonoet AdBog v évvown g epamtopevns. Emiong moid
mOavo eivor vo Sees “EeS U1 OKEPTNKE OTL KOO ONUEID HE o GLVAPTNOT OeV €XEL
LOVO M EPATTOUEVT] TNG OTO GLYKEKPIUEVO onueio aAld dmelpeg GAAeg gvbeieg, apov amd Eva
onueio 0Epyovion amelpeg evbeiec.

O B pofnmg emérele va oTia&er ™ ypoeikn mopdotoon, ov Kot ouvilmg To Toudd TV
amoPeLyoLV. Ocwpd OTL eival GO 1 ADON TOVL.

v. Ztov A pafnt Ba tov eEnyodoa pe ) Ponbeta g Ypaeikng mapdotaons 0Tt av o gvbeia £yet
1 koo onueio pe TN YPAPIKY TOPAGTACT TNG CLVAPTNONG 08 CNUAIVEL OTL £Vl KO EQPOTTOUEVN
™. Emiong 6o tov Eavaéderyva tov TpOTO EVPECTG EPATTOUEVNS He Tov TOmo y f(Xo)—f ( x0)(x-
X0)- Kot Ba Tov €dtva éva OAAO epyaciog TAVM GTIC EPUTTOUEVES &7 : :
10 B pafnrtn Ba tov éleya 0TL lvarl 6T 1) advTnom Tov, dALL TOV pOTOYA TOG o EAvvE TNV
doknomn av ovoToV o GVVAPTNOT TNV omoia Ba Tov SVGKOAD Vo KAVEL T YPOPIKN TOPAGTOCT.
'Y avtd to Adyo Ba Tov £deiyva Tov Tpdmo 0peoNg epomTopévng He Tov tomo y-f(xo)=f"( x0) (x-
X0)- Kot Ba Tov €dwva éva @OALO epyaciog.

1 T AMOyoug avavopiog dev apafétovie Ta vBeVTIKA avTiypa@a TdV YPATITOV 0ALY TIGTY OVILY PN TOV
amoavtioenv. Kopio 51k pog mpocdnkm dev €xet yivel. To ovOLOTO T®V GUUUETEYOVI®V EIVAL YEVIDVULLOL.
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AIIOXITAXMATA AIIO TIX XYNENTEYZEEIX TOY XIIYPOY KAI THX ANNAX
XIIYPOX

: Tevikd, o anddeién mov Ba otnpilotave oto oynua Ba ) dexdoacTav 1 oxL,

Oyt Agv ) déxeton T0 €EETAOTIKO GUGTNLLOL KOTOPYNV.

: MoOnpatikd Ba ftov amodexty|; Ag anoovpe Tig eEeTdoelc.

: Mobnuoatikd péca otn taén Bo v kokooopilo og eminedo padnuatog kot Bo v avéiva Kot Oa
™V avadeikvoa, oAAd Oyl g va SloyOVIGHLA.

MMM

E: Otav Aéte Ba v Kadwcopilo péxpt moro onueio; Aniaon, Ba cag apkovoe avti 1 Ba {ntdyote
KATL OKOpOL;

2. Oa mpoomafovca vo oOMYNom TNV KOVPEVTO GTNV KOVOViKh oamdoelsn. Méoa amd avt Ha
TPOCTOHOVGA VO, 00N YNO® TNV KOVPEVTO GTNV KAVOVIKT amdOEEN.

E: Otav Aéte xavovikn -+

> Mg tov opiopd, e TV kAo He TNV Topdyyo KAT.

E: T'oarti; Aev Ba tav apket autn);

Y. ’Etor épovpe pabet vopilw ot podbnuoatikoi puéypt topa. No (ntdpe v oakpifewa. Tnv
aSlOUaTIKY, £(0VUE AT TV ASIOUATIKY apyn 610 LLoAd pog. Ot Aéw To amodekvim e Baon
ta. aSiopata, pe PBaon to Beopruata, pe Pdon: Kot ovtd {nteiton ko otig e€etdoeic. Ko
VIOTifETAL OTL TPOETOALOVE TaL TOLALAL V1o TIG €EETAGELC.

ANNA

E. [...] ag vroBécovpue 0Tt 0 de0TEPOG EAEYE OTL EIVOL EQOTTOUEVT] EKOVE TO GYNIO AVTO Ko EAEYE
otL givan epamtopévn, tote Bo T deydcovve VT TV aravinon; |[...]

A. Ot etvan Topa ... pup ... Pacikd vouilom Opmg 0Tt TPEMEL Vo KAVOLLLE OAN TN Ol0d1KaGio TN
nponyovuevn [og mponyoduevn dwadikocio Oewpovpe v akyeBpikn]
E. T'ozt;

A. Tl ... yioti pmopei avt) 1 evbeia va HTav kot €0 [deiyvel oto yapti] ... va RTov mo TAvm To
KAT® OV OEV VL EPATTOUEVN.

E. Not ... vau ...

A. Anhodn o OTL TEPVAEL KOl O1EPY ... KOPEL 0T HEOT TN YPOPIKY| TOPACTACT] LOAG TO PAET® OF
UIop® va amokAeicm 6Tl dev etvan gpamTopévn aAAd g UTopd vo T OTL glval, KIOAAG ... Og
TPEMEL VO KAVO KATOLES ...

E. var var vat ... tOte Opmg to d€xTNKEG [...]

A.var ... to déynka Yol Edeye 611 dev givan [to ‘dev eivon’  tovileton oto Aoyo tnc] Ko eyd iy
0TO HVOAO LoV OTL UE TO OV PAET® OTL TEPVAEL OV VILAPYEL TEPITTMOT, OTL KOL VO 1) TOVE

E. I'evikd Ba deyxdcovva pio ypaeikn AHoN ... av pe KATO0 TPOTO ... TOTELEG OTL Elval GOOTN N
amévinon; [...]

A. Av fjtave cwotn Oa ) deyxopovva

[-..]
oNradn dev elvan amapaitnto va wnyaivovpe pe v odyePpikn néBodo e TOTOLS Kot AVTd, 0VTO
motedo o€ EEpm av gival cmotd [yehdel ehappd] [...]

A. A4 motev® 0Tl 01 paBnTég dev Exovv 1000 eokelmOEL e TIG YPOPIKES TOPACTAGEL ... KO
Y. ovTtohg elval MO €UKOAO VO YPNGLULOTOOLV TUTOVG ... TO TOIPVOLV 7O TOAD GOV
pebodoroyia cav ... motedm OTL dev Eyovv umel o€ Pabog yw va EEpouvv va QTIAXVOLV
TOPOCTAGELG TEAELD KOl VO EEPOLV VAL TIG EPUNVEDOLV Kol TOGO KOAL Kol Yo avTd cuvBmS ot
TEPIGOOTEPOL YPNOIUOTOLOVV  aAYEBPIKoDC Tpomove  [...] ywri yo va Kaver ™ YpoQikn
TOPACTOCT KoL VoL TNV OVOADGELG TPEMEL VoL £XEL KOTAAGPEL KATL Thpo TOAD KOAQ ... VO, TO €XELG
KAVEL KTNUO GOV, TEAEIWS, EVAD 00TO, pabaivelg Eva TVUEAOGOVPTN KATMS KOl TO AVVELS, EYD 0VTO
0é o [...] [Tavtog av nTav cwotod Oa to deyxdpovva yioti Oa katoddforva 6Tt to €)xel KataAdfet
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7o KoAG amd KOOV Tov Umopel va akoAovdnoel Toug aiyefpikcods TOmoVG ... Topa ¢ EEpw,
Exo dik10?

[Apyotepa, otov Kloviletou ue kamoio mopodeiyuota n wiotn e oTo oY)

A. ATAd ToTEV® OTL POV AVCOVUE [LE TOVG OAYEPPIKOVG TUTTOVG KOt BPOVILE TO OMOTEAEC A, LETA
KoAO elval vo Aépe Kot 6TOLG LobNTEG Vo KAVOLV Kot TN YPOQIKY TOPACTACY] YTl KOl Qopd
QTAVOLV 6TO TEAOG Aéve «a EVTAEEL TO PpNKa» ympig vo £X0VV GLUVELONTOTOMGEL £5TM GTO LVOAD
T0uG TG Ba eivor mepimov ko poMg PAEmOVV €101 oL YPOQIKN TopdoToot Og Umopovv
Katevheiay Vo amavToovy Kol €YD ToTEL® OTL TO 1010 £maba dnAadn eiya cvvnbicel va PAET®
EPATTOUEVEG G KOKAOVS KOl €1YE TEPAGEL GTO HVLOAD LLOV VTTOCLVEIONTA OTL OAOL £TCL TPEMEL VAL
elvarl ... Oheg ol epomtTopéveg €10l mpémel va gival yloti dev eiyo eEowelmbel pe ypapikég
TOPUCTAGELS
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B. Research Perspectives on Student Learning

B.1. Learning Analysis in the Context of ElectronicEnvironments

Victor Giraldo, victor@im.ufri.br
Federal University of Rio de Janeiro, Brazil
Irene Biza,i.biza@uea.ac.uk
University of East Anglia, Norwich, UK
Part I: Descriptions and computational conflicts: The case of the derivative

Interview T3

Participants were shown the graph of the Blancmange function sketched by software Maple V.
They were asked to explain in their own words the behavior of the function. They were
familiar with the function and its graph sketched by the software, as this had been discussed in
a previous lecture in the computer lab. They were free to use to computer; as well as pencil and
paper, at any moment of the interview.

In the transcripts below, ellipsis (...) represents moments of pause and exclamation mark (!)
represents moments of excitement.

1 08 06 04 02V 02 04 06 08 1
X

Note: The Blancmange function was proposed by Teiji Takagi in 1903. It is defined as the sum
of the infinite series:

b:R—R  bx)=

Where:

f:R—=R  f(x)=inf |z —n|

nez

Thus, the Blancmange function is the uniform limit of continuous functions (sinse the n-th

1 o .
term has modulus not greater than E)' Therefore, it is continuous. On the other hand, the

n-th term of the infinite sum is non differentiable at the points of the form %, with kOZ. It

can be proved that it is nowhere differentiable.
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Episode 4, Tiago
Tiago: We took several modulus functions and add them.gdr( order to make this function to
have (...) kind of (...) The first one has one eorithe second would have, the third will

have four and so on and so forth. Then we notite@"i, that increases the quantity of
corners. And as we wamt tending to infinite, this functiorppints to the blancmange on
the screehwould be (...) every point would be a corner.) (But to think of a corner one
must have a part of the function to be kind o) €ontinuous like this\javes hand
showing a straight lifjeat least in a tiny interval. In this function;stweird because that is
not such interval.

Researcher:Please, explain to me better what you think ofcaweird.

Tiago: It's (...) in order for a corner to exist, it mustve (...) sides. And sides are basically
straight lines or something like this. But all tpeints in the function are corners, so
there’s no room for sides or anything else. So, kaw this function have infinite corners
if it cannot have any sides for them?

Researcher:And how do you think about this property, the these sides don'’t exist?

Tiago: It's very hard to imagine. One thing that has arwnm, but doesn’t have the characteristic of
a corner, that is, tiny straight lines or spacesiniag that corner.

Researcher:What do you expect to see when you zoom in of? this

Tiago: I've got no idea. | cannot see that in my mind.

Researcher:But you just said that these corners must havessifleome sort.

Tiago: Yes, they must have exactly two (...) segments ito tfigse corners. That's the weirdest
thing!

Researcher:You said something about this sides being contisudlhat did you mean by that?

Tiago: No, | meant little straight segments. | don't meamtinuity, | used the wrong word. |
understand it's all continuous. (...) It'd be a segmdwo segments to form this corner.
And in this case, these segments don’t existheutarners do.

Researcher:Would you like to zoom in on this?

Tiago: Yes, we can do it.

Researcher:You saidyou had no idea what you’d see when zooming im’AAyeu curious?

Tiago: Yes, | don’'t understand and I'd like to. But | diotiiink the computer would help.

Researcher:Why not?

Tiago: Well, it always does things wrong.

Researcher:All right, but let’s try though.

Tiago: Right. [Zooms i} But theses are (...) straight lines. Why are tharaight lines?

Researcher:What do you think?

Tiago: [After thinking for a few minutgsActually, | think (...) Well, that cannot be realtiie
Blancmange, can it?

Researcher:Why not?

Tiago: Because if it was, we'd have to see more and manecprners (...) it’d be more and more
(...) a weird behavior, wrinkled. But it doesn’t, b@onclude it's the function! It's an
optical illusion, an approximation. Now | realis€éhe computer couldn’'t make it anyway.
Of course, it cannot be it!

Researcher:Why not?

Tiago: Because it's the result of adding infinite thing&e computer cannot add infinite things. It
doesn’t even know what that means.

Researcher:So, in this case what's that?

Tiago: It's one of the sums in the middle, one approxiomgtisn’t it?

Researcher:Exactly. You see hergdints to the screénWe add until the tenth function.

Tiago: | see. | think that in this case, we couldn't speaterms of corners.

Researcher:Carry on.

Tiago: It's hard to put in words, but | guess | understanbetter.

Researcher:All right, but try.
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Tiago: Well, the computer can make the sums up to 1@MQ@pdr whatever. But it cannot make it to
infinite. It can sketch all these sums, to 10, @0,1like this, each you if we want. (...) So,
these are made of corners. (...) But this one lferelt’s not differentiable, but it's from
another kind (...) another kind of thing, of aspa&be cannot speak of corners, like in the
modulus function. This one would be a more abstitdog. We couldn't sketch it, nor even
imagine it!

Researcher:And why do you think you understand it better now?

Tiago: Well, I cannot sketch and (...) that’s it, full gtd'hat’s not sketch-able. It's not corners, but
another thing. | thought non differentiability wecerners (...) a synonym of corners. Now
| see (...) in order to understand this | must khin a different way, not through the
corners, not through the sketching. Non differdnitiey is not (...) | mean (...) not only
corners!

EpisodeB, Antbnio

Antbnio: Well, | didn’t understand.

Researcher:What?

Antonio: | understood the following. You took the modularctions, then reflected them upwards,
right? This way you kept the curve above the Og.aMien you did the following, you took
the same curve and divided it by 2, or multipligd’p, and reflected upwards. After that,
you took this same one and divided by 2 and refteapwards. That is, you multiplied by
(...) as if you had taken the first one and hadtipli#d by Y. So, if you notice, if it is
continuous this thing you're doing, it is as if yaere taking a number and multiplying it
by %2, taking what's been multiplied and multiply ¥y by Y. So, it's a geometric
progression of ratio ¥2. Do you understand? So,gtaph is the summation of these initial
curves. So it's the sum of a geometric progressidre sum of a geometric progression is
a limit. So, it converges to a point. What | obgehere is the following. In my opinion,
each point of the curve (...) those little triargyl¢hey converge to each point of the curve.
The curve is like (...) the union of a sum of ggomprogressions.

Researcher:All right, but you understand that, don’t you?

Antonio: | do, very clearly.

Researcher:So, what don’t you understand?

Antonio: How can this sum be linear.

Researcher:Linear?

Antonio: It should be wrinkled.

Researcher:This looks linear?

Antonio: More or less. It should be more wrinkled. And wigen zoom in, it gets linear. It should
get more wrinkled.

Researcher:But how do you know that?

Antonio: Because I've done it, at home. I've zoomed in. iRbhdcame linear. It doesn’t look really
wrinkle here points to the scregiut it should get more broken, wrinkled. It does.

Researcher:Ah. And why is that, in you opinion?

Antonio: Well, you know. The computer just cannot solve it.

Researcher:So what is the solution?

Antonio: It's the sum of a geometric progression, the indéisum. But obviously that’s not what the
computer gives us.

Researcher:So what is it that the computer gives to us?

Antdnio: Man, this is what | want you to explain to me!

Researcher:All right. This is just the sum of the geometriogmession until 10. Do you see here?

Antonio: Ah!! Of course, that’s right man! All right, allght!

Researcher:We could carry on with the sum.

Antonio: Yes, much more. But infinity ithe computgrcannot make. (...) The computer, or any

other thing!
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Researcher:Why not?

Antonio: Because (...) one cannot add anything up to iefirffihere will always remain an infinity
missing!!! And nothing can represent the infinite as a whBlat only show that it tends to
that place, to that thing, but not that it actuaity

Researcher:Carry on.

Antonio: That's inifinity, man. You cannot represent iff mothe plane, not in the space, not in any
R.

Researcher:And in the computer?

Antonio: In anything! The computer represents what the kraows.

Researcher:Do you want to say something else?

Antonio: Yes. Man, I've tried to grasp this curve, you knblktnow the following. | thought, it's not
formed by straight lines, not even locally. Becatsn it'd be differentiable. So, it's not
formed by straight lines, segments, let's say smtp that you join in together to be tiny
straight line segments. No, not even in a tiny @i&ut it has points. As | said before, it's a
union of points, one glued to the other. But wencarsay they’re aligned, but close
together in a irregular way. Then, | thought, imagithat little device, the earthquake
machine. The points have nothing to do one wittother whatsoever! So, what happens?
These points, so close together, but they don’enaadtraight line among them, you know?
But it is hard to think about that. Because we nalsb consider the assumption that there
are infinite points. So, between two points theré always be another one. So this one
here (...) this graph (...) it contradicts our humatuition!
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Part Il: Constructing the Definition of Tangent Lin e

HeprotaTiko 1:

To meprotatikd avutd avoaeEpeTal 6To XTAd0 2 6oL ol pabnTég £xovv NON €L GTO MAEKTPOVIKO
mePPAALOV TNV €QATTONEVT] TOL KUKAOL ®G TNV oplakn 0€on ¢ téuvovcag Kot €youvv
TopaTNPNoEL 6T0 TapdBupo peyéBuvong OTL avt Qaivetor vo TovTileTon pe TOV KOKAO OTOV
€0TIACOVIE TOAD Kovtd oto onueio emapng. H 1adén Swmpoaypoatedetor v €QOTTOUEVT] TOV
NuIKVKAiov (g ypoekn mopdotacn ocvvaptnong, Ewdve la) kot ot pobntég koiodvior vo
oYoAMdcovy 10 oynue mov mpoPdiietan oto mapdbvpo peyébuvong (Ewova 1B). Tote, évag
pofntng Aéel: «paivetor va tavtiletal yoti 6tav mAncialovpe pe peydro apbpd peyébovvong dev
elvatl opat M dtpopd Aoy® TG YoUNANG avdivong g 006vng».

Miswarll

-3 -2 -1

Ewova la: Epomtopévn npukokiiov Ewova 1B: MeyéBuvon tov kokhov

Epotmpara:
A. Tlog epunvevete v avtidpaoct tov podnm;

B. Mg mowo tpdmo Oa avtipetomnilote pio tétota avtidpaon;
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IeproToTis 2:

210 X1éd10 4, o1 pobntég £xovv oM elcoybel 6TV Evvola TG TOPAYDYOL G€ GNUEID Kot £xEL Yivel 1
oUVOEDT NG HE TNV KAMon ¢ epamtopévne. H taén dampaypotedeton €0IKEC TEPIMTOCELS
EPATITOUEVIG YPOQIKNG TOPACTACNG GLVAPTNONG TOV 1 Tponyovuevn €pevva €xel Ogi&el g
10104TEPA TIPOPANUATIKEG GTNV KATAVONGT TOVS OTIMG 1 EPATITOUEVN TG YPOPIKNG TIOPAGTACTG TG
ovvdpmong f(X) =X oto onueio xopmig e O(0,0). H 14én Sampaypoatedetar Ty Tepimtmon
Tov Qaivetatl oty Ewkdva 2 dov 1 oprokn B€0m TV TELVOLG®V, Apa 1] VTTOYNPLO EPOTITOUEVT] OTO
onueio 0(0,0), etvar 0o dEovag x %, o1 KAIGES TV 000 TEUVOVGHOV GLYKAIVOLV Kot 1) KOUTTOAN GTO
Tapadupo peyéBouvong eaivetal va tavtileton pe Tov aova X X.

=009
x0 = 0.0000 «hion me AB = 0.0000
%0 +h=0.0009 «ion me AC = 0.0000
x0-h= -0.0009

Ewoéva 2: Epoantopévn oe onueio Kopumng

Kolobue toug pantéc va e&etdoovv av 1 KoOUTOAN €xel gpamtouévn oto onueio O(0,0) ko
axolovBel o mopakdte ddhoyog peta&d g epevvntplag (E), tov pobntov M1, M2 kot g
padntproc M3:

M1: ®aivetron va givor oA attd TV GAAN peptd dev umopel va elvait.
E: Tl dev umopel va etvay;

M1: Aev pmopet vo givor EQATITOUEV YIOTL TEUVEL TN YPAPIKT TIOPACTAON ... TIOG VA TO TIO ... TN
olamepva ... onAad” ) ywpilel o€ dvo TUNUOTO TTOL TO £val Eivon oo TN pio peptd Kot To GALO
amo TV QALY ... Ao TNV GAAN pepld eaivetar va tavtileTor kKovtd oto A ot peyébuvvon. Agv

EEpO ...
E: Kot og 1 pag mepdlet Tov v téPveL;
M2: Anlodn pmopel ko va TV TEUVEL Vo TN SLTTEPVE;
E:  Twrtiva unv pmopet; Baiape gpeic KAmo1o 1£T010 TEPLOPIGUO GTO OPICUO TIOV OMCALLE;

M3: Aniadn ot 1010TnTEG TTOL EEPOLLLE ATLO TOV KOKAO O€V 16XDOVV TNV TIEPITTTMOT| QLTY);

Epotmpara:
A. Tlog epunvevete v avtidpaomn Tov padntov;

B. Zuykpttikd pe To TponyovHEVO TIEPIOTATIKO TIOPATNPEITE KATIOEG OLUPOPES 1) OLLOLOTNTEG;
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B.2. Natural and Formal Learners

Marcia Maria Fusaro Pinto, fusaromarcia@yahoo.com.br
Universidade Federal de Minas Gerais-Brasil

Introduction

Here, I am introducing you four students studying Real Analysis, named A, B, C and D. At the
time, all of them presented a visual representation of their personal concept definition of limit of
a sequence. Two of them were able to reproduce the formal definition (with minor slips).
Below are brief excerpts of the interviews, where they evoke images related to the formal
concept of limit of a sequence, and aspects of its use.

Students’ evoked concept image of the formal definition

The following excerpts refer to students’ comments on the meaning of the formal definition of
limit of a sequence.

Discussion: for each case, give your ideas on the student’s use of visual images and pictures in
their evoked concept image.

“I mean, the main thing ... | could understandaitis by finding the value of capital en ... it aalty

... is the proof that the ... sequence is tendinzetro. That was a bit awkward, | couldn’t get ttoat
start with. | could understand what the definitimas saying, but, to me, it didn't seem to be
proving ... that it went to zero. ... I'm not .otrfully happy with this. There’s still things I'vgot to
get sorted out. But ... | get ... | have made sprogress since | started... ... you just ... you have
got to put the values in the variables of the fdeniu

(A, first interview)

“Well, before | saw anyone draw that [a visual esgmntation for the limit of a sequence he

reproduced] it was just umm...thinking basically asgets larger than capital en, a en is going to
get closer to el so that the difference betwédmmtis going to come very small and basically

whatever value you try to make it smaller tharyoifi go far enough out then the gap between them
is going to be smaller. That's what | thought befeeeing the diagrams and something like that.”

(B, first interview)

“...umm, [I] sort of imagine the curve just
coming down like this and dipping below this
point which is epsilon ... and this would be en
[explaining while drawing on the left] So as
@, soon as they dip below this point then ... the
terms bigger than this [pointing frod to the
right] tend to a certain limit, if you make this

L \ £ small enough [pointing to the value gf’

N £ (C, first imtgew)
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“I think of it graphically ... | think of it as
you got a graph there and the function
there [while drawing the picture below],
and | think that it's...it's got the limit there
...and then epsilon once like that, and you
can draw along and then all the ... points
after capital en they are inside those
bounds ...if this err when | first thought of
this, it was hard to understand, so | thought
of it like this ...like that's the en going
across there and that's a en ...err this
shouldn’t really be a graph, it should be
points.”

(D, first imgew)

On the use of the formal theory

Discussion: in each case, give your ideas on the student’s use of visual images and pictures and
the formal definition when solving the following question from a worksheet.

Question from a worksheet:

If a, - 1, prove that there existd LJIN such thata, >g forall n>N

“I had no idea where to start, really. You see, Wl the question was set out, | wasn’t really areg for
that. There were some examples in an example dgtet,haven’t had time to go through them with my
tutor umm | couldn’t do it at all ... Because | wa®d to this saying a en equals ... [specifying omgia
particular sequence] and add the definition of wdan was. And then there wasn’t that there, sadl h
nothing to start on, really ...”

(A, second infew)

“It seemed to be a silly question that...if a en tetm one then if you question when a en is grahtam

three quarters... this is a bound, it seems ... | diométv why ... | wrote something in this question ... |
think it was just epsilon to be ... a quarter... or stiming, | put minus one less than a quarter ...rAkHi
worked it out written down ... | don’t know whethéisiright or not because | haven’t received thetshe
back ...”

(B, second infew)

Student C commented he solved the exercise as it was done in classroom, applying the reverse
triangle inequality.

“I chose epsilon as 0.1 ... and showed #pgies between 0.9 and 1.1; so it must be grea&n%"

(D, second interview)
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Further analysis: preferences on the meaning and use of definitions
Two definitions of continuity of a function where given to students. Here, they declare their
preferences for the £ —J definition of continuity or the sequential definition.

Discussion: in each case, give your ideas on similarities and differences on students
argumentation.

Uneasy with both definitions; explaining the meaning of one of them

E-- Umm ... you've got a function and ... you pick
a point there ...and if you say if...delta
£ ...delta...err a gap space either side of c/..it
] goes to the function ...and ...do epsilon..ef| of
€ ce there... [while drawing]... and that’s means
the function will, be within epsilon of ef of ce,
b e b say there [drawing] ...but making sure ypu

pick an adequate delta that fits the epsilon.”
(A, fourth inteewir)

Preference for the sequential definition of continuity

“...you are looking ...you are trying to evaluate ummumm...if there is no holes in the graph, then, see,
you have got a function like that [drawing a grapla continuous line, in a coordinate axis] ; thieere will
be a point there [marking a point ¢ in the grapdndr] and umm...then umm...there is no hole at thattpoin
then...there will be a value of ef at ce and yougetting closer and closer to ce umm and umm thegeclo
you get to ce then the closer you get to ef of e you can make the difference between umm x aed th
value you chose at ce then ... you can make thanal as you want, then ...you can approximate offef o
ce as close as you want...”

(B, fourth interview)

Preferences on the £ — 9 definition of continuity

“I think of the £ — d definition was a bit more...confusing first of @kt in some ways I find it closer to ...
sort of convergence of a sequence we had last.tedmecause instead of choosing umm capital en, ®mwh
you are like ...you run down the sequence a en ...areuwchoosing a delta, which is when you decide the
values ...of...the distance delta from ce ...then thél@psit is true ...so it’s the same sort of ...themyo
choose the epsilon first of all, delta in this caseso when it satisfies that ...it satisfies thatsléisan
epsilon.”

(C, fourth interview)

Preferences on the £ — 9 definition of continuity
“Yes [I prefer thes — o definition] umm | don’t know. It looks like ...thimkg of it graphically, it makes it
very similar to the limit definition ... where you gwt like a bound in the graph , so all points Vikié be in
that bound.”

(D, fourth interview)
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